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Abstract 

We study the scheme of multi-jumping hues of an n-instanton bundle 
mainly for n < 5. We apply it to prove the irreducibility and smoothness 
of the moduli space of 5-instanton. Some particular situations with higher 
C2 are also studied. 



Contents 

Some properties of S for C2< 5 



1.1 A link between trisecant lines to S and jumping plane 
Some preliminary results 



1.2 



1.3 A bound on the bidegree of >S 



2 "No" k- jumping lines on S when A: > 3| 



2.1 Some too particular jumping phenomena 



2.2 Curves of 3-jumping lines 



3 Trisecant lines to S and applications] 


3.1 Trisecant lines to th 


e general hyperplane section of b 


3.2 The cases where S is ruled 




3.3 "JNo" trisecant cases 







4 Applications to moduli spaces 



[4.1 The construction of Ellingsrud and Stromme 
4.2 Description of the boundary d 



4.3 The normality condition when C2 = 5; application! 
O Residual class 



4.5 The family of n-instantons with h^{E{2)) > 4 



O A ^^-characteristic on the curve of multi-jumping lines of an n- 



mstanton 



4 

4 
7 
10 

12 

12 
14 

19 

19 
19 
21 

23 

23 
26 
34 
36 
38 

44 



Introduction 



1 



An n-instanton is an algebraic rank 2 vector bundle E over P3(C) with Chern 
classes Ci = 0, C2 = n, which is stable (i.e: h^E = 0), and satisfies the natural 
cohomology property h^E{—2) = 0. Denote by /„ the moduli space of those 
bundles. 

In general, little is known about /„. A classical description of its tangent 
space gives that every irreducible component of J„ is at least 8n — 3 dimensional. 
In fact it has been shown in the early eighties that for n < 4 the moduli space In 
is irreducible (Cf [H], [E-S], [Ba2]) and smooth (Cf [LeP]). 

Define a line L of P3 to be a jumping line of order k for E (denoted k- 
jumping line) when the restriction of to L is O^lk) © OL{—k). Such a line is 
called a multi-jumping line if > 2. It seems difficult to study the moduli space 
without some results on the schemes of jumping lines. Despite the fact that those 
schemes have a determinantal structure involving strong properties when E is in 
some openset of /„, results satisfied by any ra-instanton are much weaker. Indeed, 
it seems hopeless to expect more than the fact that any n-instanton has a scheme 
of multi-jumping lines with good codimension in G (i.e is a curve). Surprisingly 
this statement which was already conjectured in [E-S] is still open for n > 3. 

In the first 3 parts, we will study this scheme of multi-jumping lines for any 
n-instanton with n < 5; we will prove the following: 



Proposition 3.3.2 The scheme of multi-jumping lines of any 4- or 5-instanton 



is a curve in the Grassmann manifold G. 

The techniques developed here will also apply to some particular families of in- 
stanton with higher C2 (Cf |1.2.5| and |4.5.3| ) . 



As a consequence of this result, we will recover the results of Barth and of 
Le Potier about 1^ and obtain the following one which is also announced by 
G.Trautmann and A.Tikhomirov using independent methods. 



Theorem f4.3.2| and |4.3.3| The moduli space of 5-instanton is smooth and irre- 



ducible of dimension 37. 

The proofs of the irreducibility of /„ for n < 4 were all different. Our method will 
be to extend the one of Ellingsrud and Stromme to n = 4 and n = 5. Using the 
jumping lines containing a fixed point P of P3, they constructed a morphism from 
some open subset Up of /„ to the moduli space 9 of semi-table 6'-characteristic 
over plane curves of degree n. 

The conjecture on the codimension of multi-jumping lines means that the 
([/p)(PgP3) cover /„. Ellingsrud and Stromme described 2 other difficulties to 
extend their method: 

- Understand the images of the morphisms Up —>■ 0. This however seems 
only to be a real problem for n > 12, as when n < 11 those morphism have 
a dense image. 
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- Obtain a description of the fiber of sucli a morphism. 



In fact, the data describing this fiber are satisfying a condition which was empty 
for n = 3, and which need to be understood for higher n. An exphcit description 
of the fiber will be given in the §^ for any n, but the key result needed to have a 
grip on the moduli spaces is to understand when this fiber is singular. This will 
be understood for n = 4, and 5, and then we will have to check that the bundles 
in the ramification of all the morphism are nevertheless smooth points of /„ to 



obtain the above theorem. We will need there the study of the family ^.5.4. 



To prove the proposition |3.3.2| , we will assume that there is some 4- or 5- 



instanton E such that its scheme of multi-jumping lines contains some surface. 
All along the proof, we will try to translate this excess of multi-jumping lines to 
some properties of E with respect to its restrictions to planes: indeed the problem 
of the dimension in Pg of the non-stable planes has first been studied by Barth 
(Cf [Bal]) in 1977, and recently extended by Coanda (Cf [Co]). Those results 
will be fundamental for us, because they will be used at every end of proof, and 
furthermore, many proofs are inspired by those of Coanda. 

In the §1 we will study the restrictions of E to planes, in other words it 
gives properties of stable and semi stable rank 2 vector bundles over the plane 
with C2 < 5 because the h^E{—2) = condition implies that E has no unstable 
planes. For instance, we will give informations on the intersection of the scheme 
of multi-jumping lines with some /9-plane, or on the bidegree of the hypothetical 
congruence S of multi-jumping lines. 

In the §2 we will take care of the {k > 3)-jumping lines, to obtain that a general 
hyperplane section of S can avoid those points. This is the major difficulty for 
C2 = 5, and it will enable us to prove in the §3 that a general hyperplane section 
of S has no trisecant. The remaining cases will then be strongly bounded, and 
we will first get rid of the situation where S is ruled which is easy for C2 = 5, but 
not for C2 = 4. The case deg S = 4 will also be particular, and the final step will 



need the residual calculus of ^A. 

Acknowledgments: 

I'd like to thanks here my thesis advisor Laurent Gruson for all his help and 
his constant interest. 

Notations: 

In the following, we will denote by p and q the projections from the points/lines 
incidence variety to P3 and to the Grassmann manifold of lines of P3 denoted 
by G. (or to P2 and JP^ in the plane situation). Let's define by r = p*Otp^{1) 
and a = g*(9G(l)- When a blow up P3 of P3 along a line will be used, we will 
denote by p' and q' the projections to P3 and Pi. 
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Let's call by a-plane and /5-plane the 2 dimensional planes included in G 
which are made of the lines of P3 containing a same point, or included in a same 
plane, and finally denote by IP(-F) = Proj[SymF^). 

Denote by M the scheme of multi-jumping lines of the n-instanton E with 
n < 5. We will say that a plane if is a jumping plane if the restriction Eh is 
semi-stable but not stable. 

Remark The scheme of multi-jumping lines M of a 4- or 5-instanton E is at 
most 2 dimensional. 

Indeed, if this was not true, any plane would contain infinitely many multi- 
jumping lines, and we will show in the p..l.4| that it is not possible in a stable 
plane. Then every plane would be a jumping plane and according to [Bal] it is 
not possible when n > 1. □ 

So we will finally denote by S the hypothetical purely 2-dimensional sub- 
scheme of M defined by the following sequence: 

where J is the biggest subsheaf of Om which is at most 1-dimensional. 

1 Some properties of S for C2< 5 

1.1 A link between trisecant lines to S and jumping plane 

We'd like to study here the lines d of P5 which meet M in length 3 or more. 
Those lines have to be included in the Grassmannian G, and each of them can be 
identified to a plane pencil of lines of P3. Let h be the /5-plane containing c/, and 
H the associated plane of P3. As R^q,, is zero, we have an isomorphism between 
the restriction of R^q^,p*E to h, and R^q^,p*EH, where E^ is the restriction of E to 
H, and also between R^q^p*EH restricted to a line of h and the sheaf constructed 
analogously when blowing up the associated point of H. (So the projections over 
H and Pi will be still denoted by p and q). 

Proposition 1.1.1 For C2 < 5, let d he a line 0/ P5 meeting M in a dimen- 
sional scheme of length 3 or more not containing jumping lines of order 3 or 
more, then the plane H associated to d is not a stable plane for E. 

Let d be such a line, and assume that H is stable (ie that E^ is stable), 
and blow up H at the point D included in all the lines represented by d. The 
resolution of this blow up is: 

^ Ody,H{-r - (X) — ^ OdxH ^ 

Twisting it by p*Eh gives using the functor g^.: 
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^ q,p*EH H'Eh{-1) ® Od{-l) — ^ H'Eh ®Od^ R\,P*Eh ^ 

The length induced by the scheme of multi-jumping lines on d is ci{R^q^p*EH) 
and is at least 3 by hypothesis. The sheaf q^,p*EH is locally free of rank —h^En + 
h^Eni-l) = 2 over d = JPi. So it has to split in Od{-a) © C»d(-6) with a,b>0 
and a + b = h^EH^—l) — ci{R^q^p* Eh)- But h^EH^—l) is C2, so it gives already 
a contradiction for C2 < 4. 

For C2 = 5, one has necessarily a = 6 = 1, so h^{q^:P* Eh{(t)) which is also 
h^iJo ® Eh{1)) is 2. Those 2 sections Si and S2 are thus proportional on the 
conic ^siAs2 which has to be singular in D because this point is in the first Fitting 
ideal of 20^ ^ Eh{1). 

If 2'siAs2 is made of 2 distinct lines di and (i2, we have the following exact 
sequence because both si and S2 vanish at D: 

20h "-"^ Eh{1) ^ OdM) © 

Computing Euler-Poincare characteristics gives a + (3 = —3, so one of them is less 
or equal to —2, thus one of the di is a (A: > 3)-jumping line containing D which 
contradicts the hypothesis. 

It is the same when Zs^as2 is a double line di. We have the exact sequence: 

— ^ 20h ^'-^^ Eh{1) — ^ 

where £ is a sheave of rank 1 on the plane double structure of di (in fact C is 
not locally free at D). We have the linking sequence: 

OdM) OdM 

once again a + P = —3, so either h^Od^iP) < h^Od^ia), or h^OdiiP) O5 but in 
both cases R^q^p*C(^di) is non zero, so di would be a (fc > 3)-jumping line containing 
D as previously. 

We can't hope such a result in a jumping plane (ie semi-stable but not stable), 
but we will show in |1.1.3| that the problems arise only at finitely many points of 
the plane. 

Lemma 1.1.2 Let F be a bundle over P„ with CiF = 0. If F{k) has a section 
of vanishing locus Z , then for any i > k — 1, the scheme of jumping lines of order 
at least i + 2 is isomorphic to the scheme of lines at least {i + k + 2)-secant to Z . 

We deduce from the following sequence using the standard construction: 

^ Op„ ^ F{k) Jz{2k) 

an isomorphism R^q^p*F{i) ~ R^q^p* Jz{k + i) when i > k — 1. And the supports 
of those sheaves are by definition (Cf [G-P]) the above schemes. 
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Lemma 1.1.3 For C2 < 5, any 13— plane associated to a jumping plane contain 
only a finite number of lines of P5 meeting M in a scheme of length 3 or more 
made only of 2-jumping lines. 



If is a jumping plane, we can take = in lemma |1.1.2| and study the bisecant 
lines to Z. To prove the lemma it is enough to show that for any point not 
in Z with no (fc > 3)-jumping lines through A^, the line is not trisecant to M 
where iV^ is the lines of H containing A^. So let be such a point, and study 
the bisecant lines to Z in A^^ by blowing up H at A^. One has from the standard 
construction the exact sequence because N ^ Z: 

q,p*Jz ^ H^Jz{-l) ® Owv(-l) ^ H'Jz ® On^ R%p*Jz ^ 

where q*p*Jz is isomorphic to O-p^—a) for some a > with a = degZ — 
Ci{R^ q^p* J'z) because there are only a finite number of bisecant to Z through 
A^ (A^ ^ Z). So if Z has at least 3 bisecant (with multiplicity) through A^, then 
a < 2 for C2 < 5. If a = 1, then Z is included in a line containing A^ which must 
be a C2-jumping line, and it conflicts with the hypothesis. So only the case a = 2, 
and C2 = 5 is remaining. But then, the section of q^:p*J'z{2cr) would give a conic 
C singular in A^ and containing Z. We have the linking sequence where di may 
be equal to (^2: 

As previously Z can't be included in a line so it cuts d2 and h^{Jz ® Od.^) = 0. 
Twisting the previous sequence by J^z gives when computing Euler-Poincare's 
characteristics h^{Jz ® Od^—^)) + h^{Jz ® (^^2) = 4 because Z is included in 
C. So one of the di would be a trisecant line to Z, thus it would be a 3-jumping 
line through A^ which contradicts the hypothesis and gives the lemma. 

Proposition 1.1.4 Any plane H containing infinitely many multi-jumping lines 
is a jumping plane. In that situation, the support of R^q^:P*E induce on the j3- 
plane associated to H a reduce line with some possible embedded points. 
When C2 = 5, there is a 3-jumping line in this pencil. 
When C2 = 4 there are 4 embedded points. 

Let's first notice that H can't be a stable plane. So assume that it is stable, 
then, for C2 < 5, the bundle has a section vanishing on some scheme Z of 

length at most 6. We showed in the proof of LL3| the link between multi-jumping 



lines in H and trisecant lines to Z, but if Z had infinitely many trisecant lines 
(necessarily passing through a same point of Z), then on the blow up of H at 
this point, the sheaf p*E{t — 3x) would have a section (where x = r — cr is the 
exceptional divisor) which is not possible because it has a negative C2. 

So if is a jumping plane and the section of has infinitely many bisecant 
lines (necessarily containing a same point). Let's blow up H at this point, then 
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P*Eh has a section vanishing 2 times on the exceptional divisor x. The residual 
scheme of 2x is empty when C2 = 4 and a single point when C2 = 5. The line 
of H containing this point and the point blown up is thus a trisecant line to the 
vanishing of the section of Eh, so it is a 3-jumping line. 

Although it is not required by the following, it is interesting to understand 
more this situation. For example, when C2 = 4 we can understand the scheme 
structure of multi-jumping lines in this plane. Let s be the section of Eh, Z its 
vanishing locus and J^z its ideal. In fact Z is the complete intersection of 2 conies 
singular at the same point. Let I be the point/line incidence variety in if^ x H, 
and pull back on I the resolution of JT^: 

R^q.Oii-Ar) 2R\,Oi{-2t) — ^ R\,p*Jz — ^ 

to obtain by relative duality: 

q,Oii2r + ay > 2q,Oi{-a) > R\.p*Jz > 

As / = P(fiHv(2)^) with VtH-{2) 3Ci^v(l) Oh-{2) 0, one has: 
q^Oiikr) = Symk{fiH^{2)), and we are reduced to study the degeneracy locus 
of a map: 20h^ — ^ Sym2{flH^{2)). This locus contain a reduced line because 
through a general point P of H there is no conic singular in P containing Z so 



a > 3 in the proof of 1.1.3. So the residual scheme of this line in the degeneracy 



locus has the good dimension, so we can compute its class with the method of 



the appendix 4.4, which is simpler here because the excess is a Cartier divisor. 



So this locus is given by: 

C2(^l/m2(r]i^v(2))) - h.ci{Sym2{nHAW + = 4/^' 

where h is the hyperplane class of H"'. The geometric interpretation of this 
residual locus should be that it is made of twice the lines which occur as doubled 
lines in the pencil of singular conies containing Z. So the ideal of the multi- 
jumping lines of Eh should look like {y'^,yx'^{x — 1)^) in if^. 



1.2 Some preliminary results 

In the last section we studied the link between trisecant lines to 5* and jumping 
planes. We can notice that some hypothetical bad singularities of S give rise 
to vector bundles with a line in Pg of jumping planes. Unfortunately, such 
bundles exist, for example when the instanton has a C2-jumping line (Cf [S]). A 
well understanding of those bundle would give many shortcuts, particularly when 
C2 = 4, but the following example shows that some may still be unknown. 

Example 1.2.1 There are 4-in'Stanton with a 2-jumping line such that every 
plane containing this line is a jumping plane. 
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Let's construct this bundle from an elliptic curve C and two degree 2 invertible 
sheaves C and C such that {C^ ® £'^®4 _ where 4 is the smallest integer 
with this property. 

Let S A C be the ruled surface P(£ © £') and S its quartic image in 
P3 = W{H^{C) ® H%C')). Let D = ti*{C)®^ ® Cs(4). The linear system 
\D\ is hP{{C)®'^ ® Sym4{C © £')) — 1 dimensional which is 1 due to the relation 
between £ and C. So define the bundle E by the following exact sequence: 

E{-2) 2C»P3 0,(7r*(/:^)®4 ® C»s(4)) 

where is the morphism from E to P3, and where the dimension of |Z^| proves 
that E is an instanton. 

Let s and s' be the only sections of ■k*C' © Os(l) and of 7r*£'^ ® Oy.{1). The 
linear system is made of curves of equation As"^ + ^s"^ with generic element 
a degree 8 smooth elliptic curve section of E{2). Furthermore, when A or 
vanishes, this element of |Z^| provides to the double line of E associated to s or s' 
a multiple structure. Every plane containing one of those lines (notes d and d!) 
must be a jumping plane, and every ruling of E is a 4-secant to those section of 
E{2), so they arc 2-jumping lines. In any plane containing d or d', the jumping 
section vanishes on a scheme of ideal {y^,x{x — 1)) where y is the equation of d 
or d'. So the hues d or d' must be 2-jumping lines, and those sections of £'(2) 
induce on the exceptional divisor of P3 blown up in d or d' a curve of bidegree 
(2,2). 

Remcirk 1.2.2 For every c^, if there is a line 5, at least 1-jumping for some 
instanton E such that © E{}i) has a section, then 5 is a k-jumping line, and 

for k > 2 this section is irreducible. 

Let's first notice that if JT"/' © E{k) has a section when 5 is a jumping line, 
then this section is set-theoretically 6. Indeed, consider the blowing up P3 of 
P3 along 6, and denote by p' et q' the projections of P3 on P3 et Pi. The 
restriction of the section of p'*E{ka) to the exceptional divisor is a section of 
C'iPixPi(^, a) ® CpixPi(fc, —a) where 5 is a a-jumping line. As a > 0, this section 
is in fact a section of (9p^xPi(^! a), so it has no embedded nor isolated points. 
So the section of p'*E{ka) don't have irreducible components which meet the 
exceptional divisor, but the section of JT"/' © E{k) has to be connected in P3 for 
k > 2 because h}E(—2) = 0. So this section must be set-theoretically S when 
k>2. 

On another hand, the class in the Chow ring of P3 of a divisor of the excep- 
tional Pi X Pi of bidegree {k, a) is: kr^ + {a — k)Ta, but this curve is included 
in a section oi p'*E{ka) of class C2r^ which gives a = k. 

The main problem encountered to classify those bundle comes from the fact 
that the section of p'*E{ka) may have a multiple structure not included in the 
exceptional divisor as in the previous example. So we will not try to classify all 
those bundle, but we will need the following: 
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Lemma 1.2.3 When C2 = 4 and h^E{l) — 0, if there is a {k < 2)-jumping line 
d, such that every plane containing d is a jumping one, then jf^ <^ E{2) has a 
section 

Still blow up P3 along d, the class of the exceptional divisor x — Wi x d is 
T — a, and we have the exact sequence: 

Op3xPi(-r - a) ^ ^O~^0 

^3 

which gives when twisted by p'*E{t) using the functor q'^ the following exact 
sequence because h^E{l) — 0. 

^qip'*E(r) ^H^E0Otp,{-1) — > H^E{1) ® Op, ^ R^q'^p'* E{t) ^0 

\ / 
K 

/ \ 


The sheaf R^qlp'*E{T) is locally free of rank 1 over Pi because every plane 
containing li is a jumping one and C2 = 4. On another hand, the resolution of x 
in P3 gives the exact sequence: 

^ p'*E{a) p'*E{t) p'*E^{t) 

But p'*E,j.{t) ~ Cp,xd(0, -a + 1) e Cpixd(0, a + 1) with a < 2, and the map 
R^qip'*E{a) R^qlp'*E{T) is a surjection, so R^q'^p'*E{T) ~ Ojp,{b) with 6 > 1 
due to the surjection oiH^E^Ojp^ onto R^q'^p'*E. But h^{K) = so h\q'^p'*E{T)) < 2 
and as q'^p'*E{T) is locally free of rank 3, we can deduce that h°{q'^p'*E{T+a)) ^ 0. 
So we have a section of ® E{2) whose restriction to every plane containing 
d is proportional to the jumping section because the jumping section don't have 
a vanishing locus included in a line ( d is not C2-jumping). So in every plane 
containing d, the section of JdE{2) must vanish on a conic which has to be twice 
d, so it gives a section of jf^Ei^,). 

Example 1.2.4 There are bundles E with h^E{—2)mod 2 — 1, C2 — 4: having a 
line congruence of multi-jumping lines. 

Take 2 skew lines and put on each of them a quadruple structure made by the 
complete intersection of 2 quadrics singular along those lines. So the disjoint 
union of these two elliptic quartics gives a section of E{2) where E has C2 = 4 
and h^E{—2)mod 2 = 1 according to [C]. Every line meeting those 2 lines is 
4-secant to this section which gives a (1, 1) congruence of 2-jumping lines. 

Lemma 1.2.5 For every C2, the t'Hooft bundles (ie h^E{l) ^ have a 1- 
dimensional scheme of multi-jumping lines. 
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We can remark that using deformation theory around such a bundle Brun 
and Hirshowitz (Cf [B-H]) proved that any instanton in some open subset of the 
irreducible component of /„ containing the t'Hooft bundles has a smooth curve 
as scheme of multi-jumping lines. This is much stronger but unfortunately the 
t'Hooft bundles are not in this open set because they always have a 3-jumping 
line when n > 3. ( Take a quadrisecant to the section oi E{1) which is made of 
n + 1 disjoint lines Cf [H]) 

So, let s be a section of E{1) with vanishing locus Z. For any G IN, according 
to the |1.1.2| , the scheme of (fc + 2)-jumping lines is isomorphic to the scheme of 
(fc + 3)-secant lines to Z. The lemma is thus immediate when the lines making 
Z are reduced. If it is not the 2-parameter family of trisecant to Z may 

arise from 2 kinds of situations: 

a) There is a line d such that the scheme induce on ci by Z has a congruence 
of bisecant lines which also meet another line d' of Z. This congruence must then 
be set-theoretically the lines meeting d and d', so for any plane H containing d', 
the lines passing through dr\H are bisecant to Z at this point. The line d would 
then be equipped by Z of a multiple structure doubled in every plane containing 
d, which is impossible because those planes would be unstable. 

b) The scheme induce by Z on some line d (noted Za) has a 2 -dimensional 
family of trisecant lines which can't lye in a same plane. Every plane contain- 
ing d is a. jumping one, because the restriction of the section of E{1) to this 
plane is vanishing on d, and has to contain infinitely many multi-jumping lines 
by hypothesis. As those lines are bisecant to the jumping section which is 
dimensional, those lines must form a pencil through a point of d by hypothesis. 
So d is a multi-jumping line which contradicts the [I.2.2| because s is a section of 



We can now reformulate using the lemma 1.2.5 the theorem of Coanda (Cf 
[Co]) in a form which will be used at many times in the following: 

Theorem 1.2.6 (Coanda) For any C2, if an instanton has not a 1- dimensional 
family of multi-jumping lines, then it has at most a 1- dimensional family of jump- 
ing planes. 

Indeed, Coanda showed that any bundle with a 2-dimensional family of jumping 
planes is either a special t'Hooft bundle which has its multi-jumping lines in 



good dimension according to the p..2.5| , or another kind of bundles which are not 
an instanton. In fact, the last one are in the "big family" of Barth-Hulek (Cf 
[Ba-Hu]). 

1.3 A bound on the bidegree of S 

Let {a, (3) be the bidegree of S, where a (resp (3) is the number of lines of the 
congruence S passing through a general point of P3 (ie in a a-plane) , (resp in a 
general plane of P3 (ie in a /3-plane) ) . 
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Proposition 1.3.1 For any C2, if an instanton has at most a 2- dimensional 
scheme of multi-jumping lines , and if h%J^'''-^0E{c2-4:)) is zero for a general 
point of P3, then a < 2c2 — 6. 

Similarly, any stable plane H without [02)- and (c2 - l)-jumping lines and such 
that h^^Jp^ E}j{k)) is zero when P is general in H for < /c < C2 — 4, then 
the f3 -plane h associated to H cuts the scheme of multi-jumping lines in length 
at most 2c2 — 6. So if those hypothesis are satified for the general plane then 
/3 < 2c2 -6. 

Remark: The above hypothesis about h^{J'p^ ® Enik)) are always satisfied 
when C2 = 4 or 5 because one has in any stable plane H without (02)- and 
(c2 - l)-jumping lines: h^{EH{^)) < 2. Furthermore, we will show for those C2, 
under the assumption of the existence of 5", that the general member of any 2- 
dimensional family of planes is stable from the theorem of Coanda stated in the 



1.2.61 , and don't contain (02)- or (c2 - l)-jumping lines according to the |2.1.3| , p. 1.4 



and 2.2.1 



Start first with the bound of a, so take an a-plane p cutting 5* in length a and 
denote by P its associated point of P3. The standard construction associated to 
the blow up of P3 at P gives the following exact sequence above the exceptional 
divisor p: 

— > q,p*E — > H^E{-1) (g) {Op © Op(-l)) — ^ H^E ® Op — > R\,p*E — > 

The sheaf q^p*E is thus a second local syzygy, so it has a 3-codimensional sin- 
gular locus hence it is a vector bundle denoted by F in the following. For ev- 
ery instanton, one has h^E{—l) = and h^E = 2c2 — 2. So a is given by 
xiR'q.P*E) = C2-2 + xiF). 

The stability of E implies that F has no sections, but it is also locally free of 
first Chern class —02, so x{^) = —h^F + h^F{c2 — 3). Take a Pi in p without 
any multi-jumping lines. The restriction of this sequence to this Pi gives an 
injection of Fp^ in C20-p^ © C20pi(— 1), so the bundle Fp^ has to split into 
Cpi(— © Cpj(— 6) with a + h = C2 because this line avoids the multi-jumping 
lines by hypothesis. We can bound h^F^^ (c2 — 3) by C2 — 4 except when a = or 1 
(which may happen, for example if E had infinitely many jumping planes). But in 
the cases a = or 1, one has /;.°Fp^(c2 — 3) = C2 — 2 — a, and as we can assume that 
P is not on the vanishing of a section of E{1) because for C2 > 2 h^E{l) < 2, we 
have h^F{l) = 0, so there is an injection of if'^-Fp^(l) into H^F. Then in the cases 
a = or 1, one has h^F > 2 — a. But h^F{c2 — 4) is zero by hypothesis so one has 
h^F{c2 — 3) < /i''Fp^(c2 — 3) thus x{^) is also bounded by C2 — 4 in the cases 
a = or 1, which gives a < 2c2 — 6 

Let's now take care of the bound of /?. Take a stable plane H without (02)- 
and (c2 - l)-jumping lines, and denote by P' the length of the intersection of the 
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/3-plane h with the scheme of multi-jumping hues M. Consider now the incidence 
variety / C x H. The resolution of / twisted by p*Eh gives the following 
exact sequence: 

— > q.p*EH — > H'Eh{-1)(^Oh^{-1) — > H^Eh^Oh^ ^ R\.P*Eh — > 

One has h^Eni-l) = C2 and h^En = C2-2, so (3' = x{R\*P*Eh) = C2 - 2 + x{E), 
where this time F is q^p*EH which is still locally free of rank 2 and ciF = — C2, 
so we have x{F) = —h^F + h^F{c2 — 3). As if is stable without (02)- and 
(c2 - l)-jumping lines the vanishing locus of a section of -Eh(I) is at most on one 
conic from the |1.1.2| , so we have h^Enil) < 2, and we can take a point P of H 



which is neither in a multi-jumping line nor in the vanishing locus of some section 
of Eh{^)- The line p C tF associated to P don't contain any multi-jumping lines, 
so we have an injection: — Fp — > C20p(— 1) and Fp = a) © (9p^(— 6) 

with a + b = C2. But P is not in the vanishing locus of a section of Eh{1) so 
a and b are at least 2 then h^Fp{c2 - 3) < C2 - 4. By hypothesis, h°Fp{k) = 
for < < C2 — 4, so for those k we have by induction that all the h^F{k) 
are zero using the sequence of restriction of F{k) to p. In particular we have 
h^F{c2 - 4) = so h°F{c2 - 3) is bounded by h^Fp{c2 - 3) < C2 - 4, which gives 
/?' < 2c2 — 6. Furthermore, the general plane is stable according to [Bal], so if it 
satisfies the conditions on h^{Jp^ ® Enik)) then we have (3 = (3' < 2c2 — 6. □ 

2 "No" k-jumping lines on S when k > 3 

The aim of this section is to prove that 5* is made of 2-jumping lines except at a 
finite number of points. Let's first take care of some extremal cases: 

2.1 Some too particular jumping phenomena 

We want to prove here that under the hypothesis of the existence of S with C2 < 5, 
there is at most a (c2 - 1 - A:)-dimensional family of k-jumping lines for 3 < A; < 5. 



Lemma 2.1.1 For C2 < 5 and i = or 1, the support of R^q^:P*E{l + i) meets 
any j3 -plane h which doesn't have {k > 4 + i)- jumping lines in a scheme of length 
at most C2 — 3 — i. 

Let's first get rid of the case of a stable plane H. For C2 < 5, we can pick a 
section of £"^^(1), and note Z its vanishing locus. One has H^Eh^I) = h^Jz{2) 
which is at most 1 because deg Z < Q and Z has no (5 + i)-secant because there 
is no (4 + i)-jumping lines in H. So R^q^,p*EH{^) is the cokernel of some map 
(c2 — 2)(9/j(— 1) — > Oh, and its support is 0-dimensional according to the |1.1.4| , so 



it has length or 1. Similarly, if there is a 4-jumping line in H, then R^q^:p*EH{'2) 
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is the cokernel of some map 20h{—l) —>■ Oh , so the support of this sheaf has 
length 1. 

If if is a jumping plane, then denote by Z the vanishing locus of the section 
of Eh- So we have to study the (3 + i)-secant lines to Z with degZ = C2, so it is 
the same problem as the study of the (2 + i)-jumping lines of a stable bundle over 



H with C2 < 4. So the result for z = is a deduced from |1.3.1| , and to obtain 
2 = 1, remark that we have shown above that there is at most one 3-jumping line 
in a stable plane when C2 < 4, so there is at most one 4-jumping line in any plane 
when C2 < 5. □ 

So we can obtain the following: 

Lemma 2.1.2 The jumping lines of order at least 3 of a 4- or 5-instanton make 
an at most 1-dimensional scheme. 

Indeed, if E has a line congruence of (fc > 3)-jumping lines of bidegree 
then a < 1 and {3 <1 because we have shown above that when C2 < 5 there was no 
two 3-jumping lines in a stable plane, and there is at most a one parameter family 



of jumping planes from Coanda's theorem stated in |1.2.6| . But the congruence 
(0, 1), (1, 0), (1, 1) contain lines (Cf [R]), and for those C2 it is impossible to have 
a plane pencil of 3-jumping lines according to the |1.1.4 

Remark 2.1.3 When C2 < 5, if E has a C2-jumping line d,then its multi-jumping 
lines are 3-codimensional in G. 

Let's first recall that the instanton property imply directly that any plane is semi- 
stable. Furthermore, any semi-stable plane containing a C2-jumping line doesn't 
contain another multi-jumping line because the vanishing locus Z of a section 
of Eh{1) or of Eh is included in d because d is (deg Z)-secant to Z, and the 
multi-jumping lines are at least 2-secant to Z. 

But the lines of P3 meeting is a hypersurface of G, so it would cut 5* in 
infinitely many points and we could find a multi-jumping line in the same plane 
as d which is impossible. 

So we will assume in the following that E has no (c2)-jumping lines. 

Proposition 2.1.4 The assumption of the existence of S implies that E has at 
most a finite number of ^-jui^ping lines when C2 = 5. 

Assume here that there is a 4-jumping line q. Consider the hypersurface of S 
made of the lines of the congruence meeting q (i.e: TqG fl S). But, when C2 = 5, 
any plane H containing q and another multi-jumping line can't be stable from the 
|1.1.2| , because if H was stable, the vanishing locus of a section of EniX) would be 
a scheme of degree 6 with q as 5-secant line, so it couldn't have another trisecant. 
We had also showed in the |1.1.4| that any plane containing q has necessarily a 
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finite number of multi-jumping lines, so the curve TqGnS can't be a plane curve, 
thus any plane containing q must be a jumping plane, and if there was infinitely 
many such lines g, there would exist a 2-dimensional family of jumping planes, 
and we could conclude with Coanda's theorem as in the p..2.6| . 

2.2 Curves of 3-jumping lines 

One wants here to prove that there is no curve of (k > 3)-jumping lines lying on 
5*. When C2 = 4 this is exactly the method of Coanda, but there are many more 
problems when C2 = 5 because the ruled surface used may have a singular locus. 
Let's first consider the case of a curve of 3-jumping lines. 

Proposition 2.2.1 No 4-instanton with = has a curve of jumping lines 

of order exactly 3. 

When C2 = 5, if E has a surface S of multi-jumping lines, then there is no curve 
of 3-jumping lines on S . 

Assume that there is such a curve of 3-jumping lines (ie without 4-jumping lines), 
and take F be an integral curve made only of 3-jumping lines. Denote by S the 
ruled surface associated to F, and S S its smooth model. 

• When C2 = 4 

We showed in the ^.l.l| that two 3-jumping lines can't cut one another, so accord- 
ing to Coanda's result (Cf [Co]), the curve F is either a regulus of some quadric 
Q of P3, or the tangent lines to a skew cubic curve, so in both cases, one has 
S ~ Pi X Pi. Let's now apply the method used by Coanda in [Co]. As there is 
no 4-jumping lines in F, we have the exact sequence for some divisor A of degree 
a in Num(S): 

— > 0^{-A, 3) — > n*E^ — > 0^{A, -3) — > 

which gives C2(7r*ii^s) = d.C2 = 2a3, where d = degS is 2 or 4. So it gives a 
contradiction because here C2 = 4. 

• When C2 = 5 

We also have such an exact sequence, but this time S = Pp(F^) where F is the 
normalization of F, and F is a rank 2 vector bundle having a section (denote by C 
its cokernel), and such that h^F{l) = for any invertible sheaf /of negative degree. 
The surjection from F to C gives a section Co of F into S. Let e = — deg F, the 

intersection form in NumE is given by ^ ^ ^ in the basis (/, Cq) where / is 

the class of a fiber, so we have the relation 5d = 6a -\- 9e which proves that d is 
a multiple of 3. On another hand, the dual ruled surface has no triple points 
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because there is at most two 3-jumping lines in a same plane from the |2.1.1| , so 
we have the relation from [K]: 



[{d - 2){d - 3) - 6g]{d - A) = (1) 

because E and have same degree and genus. So when c? = 3 we can work as 
in [Co] because it gives g = 0, and S = P((9pj © (9pj(l)), so e = 1 and a = 1, 
then we have: 

7r*CE(l) ~ Oy{2,l), and h'^{n*Ej:{-2)) = h'^{Ojp,{-a + A + 2g -2- e)^SymsF) 

Num 

which imply h'^Ej]{—2) > 1 when taking sections in the following sequence where 
C is at most 1-dimensional. 

— ^ ^e(-2) — > 7r,7r*Es(-2) — > E^{-2) uc — ^ 

The resolution of S in P3 twisted by E{—2) gives then h^E{—5) > 1, so h^E{l) > 
1 which contradicts the hypothesis. Thus is a multiple of 3 and d > 6. We will 



now need the following 3 lemmas before going on proving the proposition 2.2.1 



Lemma 2.2.2 A generic ruling ofT, can't meet points of multiplicity 3 or more 
ofT. 

If the opposite was true, there would be a point P of S included in 3 distinct 
ruling of S. Those 3 lines would give 3 triples points of the pentic curve repre- 
senting the jumping lines through P. This pentic must then be reducible, and 
those triple points have to lie in a same line which contradicts the fact that a 
plane has at most two 3-jumping lines (Cf |2.1.1]) . 

Lemma 2.2.3 Any generic ruling of S meets only reduced components of the 
double locus of S 

Assume that the double locus of S has a reducible component meeting all the 
rulings. So any point of this component is a point P of the double locus where 
the tangent cone CpS is a double plane, so this plane must contain the 2 rulings 
passing through P. On another hand, there are pinch points on S because the 
number 2d + 4((i — 1) (Cf [K]) is not zero when d is multiple of 3 and solution of 
|1|. So let P' be a pinch point of E, then there is through P' a ruling c? of S such 
that the tangent plane to S at any point of (i is a same plane H . This means 
that the tangent space to F at c/ is included in the /3-plane h associated to H. So 
rn/i{rf} has length at least 2. But under the above hypothesis we can find another 
ruling of S in H. Indeed, by assumption d meets a non reduced component of 
the double locus in some point P, so there is another ruling d' of S through P 
and we showed that CpS was set-theoretically the plane containing d and c/', but 
as the tangent space is constant along d, H has to be included in CpS so d' is 
also in H and hr\T has length at least 3 which contradicts the p.l.l| . 
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Lemma 2.2.4 A generic ruling o/S meets at least 4 other distinct rulings o/S. 



a) One have first to proves that a generic ruling of S meets the double locus 



in distinct points. According to the |2.2.3| , the only case where this could be 



not satisfied is when the generic ruling of S is tangent to some component of 
the double locus. That is the case where S is a developable surface. The cone 



situation is immediate for the lemma 2.2.4, so we will first consider the case where 



5 is a the developable surface of tangent lines to some curve C. 

For any point P of C, the osculating plane Hp to C must coincide with the 
tangent plane to S at any point of the ruling dp which is tangent to C at P. 
Furthermore, the tangent space to F at rfp is made of the pencil of lines of Hp 
containing P, so it is included in the /3-plane associated to Hp. 

We can also remark that for any point P' of C distinct from P, the planes Hp 
and Hpi are distinct, otherwise we the /3-plane associated would cut F in length 
4 which contradicts the |2.1.1| . So we can translate this by the fact that the dual 
surface is a developable surface of tangent lines to a smooth curve C^. 

Consider the projection of to P2 from a point of P3 not in S^. The degree 
of F is also the degree of the dual curve of this projection, which is according to 
Pliicker's formula d = 2(deg — 1) + 2g because this projection don't have cusp. 
So when E is developable, the case d = 6, g = 2 is not possible , then d >9. Let 
t be a general point of F, then the contact between TtG and F can't be of order 

6 or more, otherwise the osculating plane to F at t would be included in G, so 
there would exist a /?-plane meeting G in length 3 or more which contradicts the 
|2.1.1| . But the contact between TfG and F must be even (Cf [Co] lemma 6), so 
TfGnF — {t} is made of ci — 4 distinct points because in general t is not bitangent 
to C because F is reduced. So, when S is developable a generic ruling of S meets 
at least 5 other distinct ones. 



b) So we can assume that S is not developable, and using the |2.2.3| , that a 
generic ruling of S meets the double locus in distinct points. One have thus to 
compute the number of such points. But as S is not developable, in general a 
point t of F is such that the intersection of TtG with F — {t} has length d — 2, 
which gives the lemma because d > 6. □ 



We are now ready to continue the proof of p.2.1| . We obtained in the \2.2.4 
that through any ruling t of S there are at least 4 distinct planes containing 
another ruling of S. So according to the |2.1.1| , we have at least 4 jumping planes 
through t. We can assume that there are only a finite number of jumping planes 
through t when t is general because the bundle E don't have a 2-dimensional 
family of jumping planes ( |1.2.(j| ). Let's blow up P3 along t and denote by p' and 
q' the projections over P3 and Pi. We have from the standard construction the 
following sequence: 
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-^q',p'*E{r) ^H^E ® Cp,(-1) — > H'E{1) ® Ojp, R^q'.p'* E{t) ^0 

\ / 
K 



where h^E = 8, h^E{l) = 7, and where R^qlp'*E{T) is not locally free at the 
jumping planes but has rank 1 because in a stable plane H containing the 3- 
jumping line t, the 6 points of the vanishing locus of a section of Eh{^) must lie on 
a conic because t is 4-secant to this locus. The sheaf q[p'*E{T) is thus locally free 
of rank 2, and we have: h'^ (q^p'* E (r)) = 0, h\K) = 0, (q'^p'* E (r)) = h^{K), 
et h\R^qy*E{T)) = 7- h^{qip'* E{r)). 

If h^{q'^p'*E{T)) is or 1 then q[p'*E{T) = Opi(-l) © or - 2), so 

[qlp'*E{T)]{l) would have a section and Jt®E{2) also. But this phenomena must 
occurred for a generic t, so we have h^E{2) > 2, but the vanishing locus of those 
sections of E{2) would then be in a quartic surface, which must contain every 
3-jumping line because those lines are 5-secant to those vanishing locus. But it 
contradicts degS > 6. 

So we have h^{R^q'^p'* E{t) < 5. On another hand R^q'^p'*E{T) is zero from 
Grauert's theorem, so we have by base change for all y mWi. 
R^q'^p'* E{T)i^y^ ^ H^EyiX) where Y is the plane associated to y. So we have the 
exact sequence: 

— > ® C — > R^qlp'*E{T) — > R^qlp'*E{Ty^ — > 

k times 



where k is the number of jumping planes through t, so k > 4 from the p.2.4 . 
But R^qy*E{Ty^ ~ O^^il) with / > 0, so necessarily / = 0, = 4. Then 
c? = 6 so (? = 2 from the formula |I|. We also have h^{R^qlp'*E{l)) = 5 and 
q:p'*E{l) ~ Op, (-2) © Op, (-2), so h^Jt^ ® E{3) > 2. 

Take s and s' 2 sections of J'^ ® E{3). Those sections are proportional on a 
sextic surface containing the 4 jumping planes passing through t because the 
restriction of s and s' to Hi are multiple of t"^ and EhX^) can't have a section not 
proportional to the section of E^^ because there are no 5-jumping lines according 

to the ^.1.3| . So denote by Q the quadric surface such that Z^as' = [j HiU Q. 

i=l 

First notice that for a general plane H containing t, the sections s and s' 
gives, after the division by t^, 2 sections of Eh{^) which are proportional on a 
conic which must be Q fl if. Furthermore, this conic must contain t because t is 
4-secant to the vanishing locus of any section of Eh{^)- Denote by dn the line 
such that t U dn = Q H . 

Next, assume that F is drawn on S as in the hypothesis of p^.2.1| . The curve 
TfG n S* is made of multi-jumping lines meeting t, and is an hyperplane section 
of 5*. We want here to understand this curve by cutting it with planes containing 
t. First remark that there is no irreducible component of TtG fl S included in 
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some /3-plane containing t, otherwise its associated plane would be a jumping 
one according to the |1.1.4| , so it would be one of the Hi, but the Hi contain two 
3-jumping lines, so they contain only a finite number of multi-jumping lines using 
again the |1.1.4| . So the points of T^G fl S which represent lines lying in a stable 
plane H containing t make a dense subset of TfGnS. Now we can notice that in a 
general plane H containing t, the only possible multi-jumping lines are trisecant 
to any vanishing locus of a section of Eh{1), so they must be t or dn- But dn is 
always in Q, so the curve TfG fl S must be the rulings of Q, and it would imply 
degS" = 2, then the curve T of degree 6 and genus 2 could not lie on S because 
h^Or{l) = 6, and it gives the proposition |2.2.1| . 



We'd like now to enlarge the result |2.2.1| to the case where the previous curve 



r contains 4-jumping lines when C2 = 5. 

Proposition 2.2.5 When = 5, the surface S don't contain a curve of jumping 
lines of order 3 in general with some ^-jufnping lines 

So we assume that there is such a curve, and let V be an irreducible curve of 
jumping lines of order 3 in general with at least a 4-jumping line q. Denote by S 
the ruled surface associated to V. 

First notice that x(-£'(2)) = 0, and the existence of q implies h^E{2) ^ 0, 
so E{2) has a section s vanishing on some degree 9 curve Z. Furthermore, any 



3- jumping lines is 5-secant to Z. The part of the proof of the p.2.1| bounding the 
number of jumping planes containing a general ruling t of E is still valid in this 
situation, so we still have degF < 6. 

a) Now notice that F can't be a conic. In fact this is the worst case because 
the bundles of the family [4.5.1| have such a conic of 3-jumping lines with four 

4- jumping lines. So the required contradiction need to use the existence of S. In 
that case S is a quadric so we have: 

Ojp, (-a, 3) ^ ^ xFi {a, -3) ^ C" ^ 

which gives 10 = 6a + n where n is the number of 4-jumping lines on F. So a 
would be or 1 then h^Ej:{2) > 12. The resolution of the quadric twisted by 
E{2) gives the sequence: 

— > H°E{2) — > H^E^{2) — > H^E 

So h^E(2) > 4, and we can solve this case with the 4.5.3. 



For the other possible degrees of F, the situation is easier because none of the 
ruling of S can meet q because in any plane H containing q, this line is according 
to the |1.1.2| (degZ - l)-secant to the 0-dimensional vanishing locus Z of a section 
of Eh or of Eh{1), and any ruling of S is at least 3-secant to Z. 

So if E has a double locus, it must meet g in a pinch point, so g is a torsal 
line. In other words, there is a line L included in G meeting F in length at least 2 
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around q. So, the support of the sheaf R}q^p* E{t)l must contain twice the point 
q. So this sheaf can't be equal to its restriction at the reduced point g, but it has 
rank 2 at g, so R^q^:P*E{T)L > 3 which is not possible around a 4-jumping line, 



because the plane associated to L can't be stable, hence according to the 1.1.2 



it is for C2 = 5 the same problem as the study of the 1.1.1 for C2 = 4 around a 



3-jumping line, and the proof of |1 . 1 . 1| was still valid for C2 = 4 in this situation. 



If S has no singular locus, then as it can't be a quadric, it is the tangential 
surface of a skew cubic, hence all its lines are torsals, so we can conclude as 
previously. □ 

We also have the following: 

Corollary 2.2.6 For = 5, any integral curve in G made only of 2-jumping 
lines has a degree multiple of 4- The surface Sred has a degree multiple of 4- 

Indeed, any integral curve of degree d made only of 2-jumping lines gives using 
the previous notations, a ruled surface such that 5d = 4a + 4e. But the results 
2.1.3| , |2.1.4| , p.2.1| , and |2.2.5| imply the general hyperplane section of Sred don't 



contain any (fc > 3)-jumping lines. 



3 Trisecant lines to S and applications 

In the first section we obtained an interpretation of some trisecant lines to S. 
The key application of this interpretation is the folowing proposition: 



3.1 Trisecant lines to the general hyperplane section of S 

Proposition 3.1.1 When C2 < 5, the general hyperplane section of Sred has no 
trisecant lines. 



Indeed, on one hand the generic hyperplane section of Sred contains no 
{k > 3)-jumping lines according to the section ^ and on the other hand, the lines 
of P5 which are in a hyperplane make a 2- co dimensional subscheme of the Grass- 
mann manifold G{1, 5). So if the general hyperplane section of Sred had a trisecant 
line then Sred would have a 2-parameter family of trisecant lines meeting S in 
2-jumping lines. But any of those trisecant lines would give a jumping plane 
according to the |1.1.1| , and as there is only a finite number of such trisecant lines 
in a same jumping /5-plane according to the |1.1.3| , we would have a 2 parameter 



family of jumping planes which would contradict the 1.2.6. □ 



3.2 The cases where S is ruled 

• Let's first consider the case where S" is a ruled surface when C2 = 5. 
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Every ruling of S must contain a 3-jumping line according to the |1.1.4| , but there 
is at most a finite number of 3-jumping lines on S from the |2.2.1| and the |2.2.5 



So S must be a cone with vertex a 3-jumping line t , and this cone is in the 
P4 constructed by projectivisation of the tangent space TtG. According to the 
|1.1.4| , any plane contain at most one pencil of multi-jumping lines, so Sred must 
have bidegree and the bound on j3 of the p..3.1| and the |2.2.6| imply that 



f3 = 3. But the projection from t of this cone gives a curve of bidegree (1, 3) in the 
quadric obtained by projection of TfG fl G. So there are many planes containing 
3 distinct rulings of Sred, then the generic hyperplane section of Sred would have 
trisecant lines which would contradict the |3.1.1| . 

• So assume here that S" is a ruled surface and that C2 = 4. 

Denote by G the reduced curve described by the center of the pencils of lines 
associated to the ruhngs of S. 

- If degC > 3 

A general hyperplane H meeting C in distinct points contain a line of the congru- 
ence 5" passing through each point of C fl if. As /? < 2 and deg G > 3, those lines 
must be bisecant to G, and the other bisecant to G are not in the congruence 
S. Hence 5" is a join between 2 components of Ci and G2 of G with deg Gi = 1 
because 5* must be ruled. So every plane H containing Gi contain a pencil of 
multi-jumping lines as in the |1.1.4| which is centered at a point of G2 H H. So 
those plane can't be stable and according to the 1.2.3 JT^^ ® E{2) has a section. 



Furthermore, this section vanishes at least with multiplicity 4 on Gi and also on 
C2, but it has degree 8 and must be connected, then S would be a /3-plane which 
is not possible. 

- If degC = 1 

Then is a cone with vertex the point representing G, and once again every plane 
containing G would contain infinitely many multi-jumping lines, hence from the 



1.2.3| J^^EiT) has a section sq vanishing at least with multiplicity 4 on C and on 
the curve C", where G' is the curve obtained by the center of the pencils of multi- 
jumping lines which are in planes containing G. So we must have deg G' = a = 1 
and the connexity of the vanishing locus imply that G = G' . So, in any plane 
H containing C, the bundle Eh has a section sh of type |1.1.4| such that the 
connected component of Zs^ is on C, and any section a of EuiX) is proportional 
to Sh, otherwise its vanishing locus Z„ would be in the line .^o-ash which would 
be a 4-jumping line, but it would contradict the |1.1.4 Therefore, every section 
of Jc ® E{2) must be a section of ® -^(2)- 

Furthermore, if we blow up P3 along C, the bundle qlp'*E has rank 1, so 
^"iTc ® -^(2) = 1- This proves that the sections of E{2) have no base curves, and 
the number of base points is the number of residual points in the intersection 
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of the 3 quartics of H^J'z^^{4:) which is from [Fu] pl55. So from Bertini's 
theorem, there is a smooth section s of E{2), such that Zg is also connected 
from h^E{—2) = 0, and fl C = 0. The quartic surface Zg^^As must cut any 
plane H containing C in twice C, and a conic which must be singular in some 
Ph G C because it contains Zg^. Furthermore, this conic doesn't contain C 
because Zg H C = ^ and the lines through Ph are 0- or 4-secant to Zg. So this 
quartic is a ruled surface with C as directrix, but C is in its singular locus so there 
are rulings of Zg^^g through Ph which are not in H. So C must be a triple curve 
of Zgf^Ag, which imply that this quartic has a rational basis. But it contradicts 
the formula of Segre (Cf [G-P2]) applied to Zg because it is a degree 8 elliptic 
curve 4-secant to the rulings of Zg^^g. 

- When deg C = 2 

The plane H containing the conic C must then contain infinitely many multi- 
jumping lines which have to contain a same point O according to the |1.1.4| . But 
the lines of the congruence are secant to C, so only one of them contain a fixed 
point P oi H — {C, O}, then a = 1. We had already eliminated the cases of the 
congruences (1, 1) (degC = 1), and the congruences (1,2) are the joins between 
C and a line d cutting C in 1 point (Cf [R]). As previously, every plane containing 
d would be of type |1.1.4| , and the section of J]^ ® E{2) would vanish on dUC at 
least with multiplicity 4, which is not possible because it has degree 8. □ 



3.3 "No" trisecant cases 

The aim of this section is to get rid of the remaining cases. 

Lemma 3.3.1 For C2 = 4 and 5, the congruence Sred can't have degree 4- 

The degree 4 surfaces are classified in [S-D] , and as we already eliminate the cases 
of ruled surfaces in § |3l^ , only the complete intersection of 2 quadrics in P4 and 
the Veronese are remaining. 

• For C2 = 4 

The Veronese has bidegree (3, 1) or (1, 3) so it would contradict the [L.3.1| . If S 
is the complete intersection of G with another quadric and some P4 then S has 
bidegree (2,2) in G (Cf [A-S]). Furthermore, in that case S is locally complete 



intersection, so we can compute from the [4.4. 1| that the scheme of multi-jumping 



lines M is made of S with a non empty residual curve C. There is a 2 dimensional 



family of /?-planes which meet C, so from the |1.2.6| its general element must be 
a stable plane, then it must cut S in good dimension according to the |1.1.4| . But 
those /3-planes will contain (3+1 = 3 multi-jumping lines (with multiplicity) 
which is not possible when C2 = 4 (Cf |1.3.ll ). We can remark that it is still true 
when C is drawn on S. Indeed, one has the exact sequence: 
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where C is the support of C Restrict it to a stable /5-plane h which meet C to 
have: 

As h is stable, it cuts S in dimension 0, so Tori{Os, Oh) = Js^ Jh/ JsJh = 0, 
which still gives lengthOMn/i > 3. 

• When C2 = 5 

The complete intersection of 2 quadrics in P4 is a Del-Pezzo surface isomorphic 
to P2 blown up in 5 points embedded hy ?>L — Ei — ... — E^. According to the §0, 
the surface S contains at most a finite number of (fc > 3)-jumping lines, so we can 
find on S some cubic curves made only of 2-jumping lines, which contradicts the 
2.2.6| . Similarly, in the Veronese case, there would have many conies made only 



of 2-jumping lines which also contradicts the 2.2.6. □ 



Proposition 3.3.2 For C2 = 4 or 5, the scheme of multi-jumping lines of a 
mathematical instanton is a curve in G. 



In fact the case C2 = 4 is already done because S can't have degree 4 (|3.3.1| ) 



and the bound of its bidegree of the |1.3.1| imply that a = 1 or /? = 1. But those 



congruences are ruled (Cf [R]) and we can conclude with the ^|3]2. 

For C2 = 5, let's first prove the following: 

Lemma 3.3.3 The set of points p of S such that dimTpSred = 4 zs finite. 

Assume that there are infinitely many such p, then the general hyperplane section 
contains one of them, so in general, the surface Sred has no trisecant through p 
(Cf |3.1.1| ), so the curve TtG fl Sred niust be an union of hues containing p, and as 
S is not ruled (Cf ^ |3.2|) , it can happen only at finitely many p which proves the 
lemma. □ 

So a general hyperplane section F of Sred is locally complete intersection with 
at most finitely many p such that dimTpF = 2. According to the the curve 

F has no trisecant, and we can adapt LeBarz's formula of [LeBa2]. In fact, when 
projecting F to P2, the singularities of F won't gives embedded points, so they 
have to be removed from the contribution of the apparent double points. Hence 
the number of trisecant to F is (ci— 4)(((i— 2)((i — 3) — Gvr) where vr is the arithmetic 
genus of F. 

So we have from the |3.1.1| and p.3.1| that {d — 2){d — 3) — = 0. Thus d — 1 



is not a multiple of 3, and then F is locally complete intersection with maximal 
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genus m P4, because if e is the remainder of the division of d — 1 by 3, and 



m 



then 



(d-2)(d-3) 
6 



-3e+2 
6 



+ 



3m(m— 1) 



+ me because e 7^ 0. 



According to the p.3.1| and the |2.2.6| , we have deg F = 8, and as it has maximal 
genus in P4, it must be a canonical curve, and it can't be trigonal (ie have a gl) 
because it has no trisecant. So according to Riemann-Roch F hence S must be 
the complete intersection of 3 quadrics. So S is the Kummer K-3 surface and 
has bidegree (4, 4) (Cf [A-S]). We can compute from the |4.4.1| that the scheme of 
multi-jumping lines has a residual curve because S is locally complete intersection, 
and we construct as in the 3.3.1| when C2 = 4 a 2 parameter family of /3-planes 
containing 5 multi-jumping lines (with multiplicity), which contradicts the |1.2.6| 



or the 1.3.1. □ 



4 Applications to moduli spaces 

4.1 The construction of Ellingsrud and Stromme 

Let us recall here the construction made in [E-S], and show how the previous 
results could be used to study I„. 

Let be a point such that there exists an instanton E which has only a one 
dimensional family of jumping lines through A^ which are all of order 1. Denote 
by U]sf the subscheme of I„ made of instantons which don't have a multi-jumping 



line through A^ and which have a non jumping line through A^. The result |3.3.2 
and Grauert-MuUich's theorem implies that the {UN)Ne]P3 cover In for n = 4 or 
5. 

To describe U^, first blow up P3 at A^, denote by Y the plane parameterizing 
the lines containing A^, p and q the projections on P3 and Y, and r = p*Otp^{1), 
a = g*Cy(l), and by V = i/°(Oy(l)). Let if be a C-vector space of dimension n. 
{H will stand for H'^E{—3)). A point E of is characterized (after the choice 
of an isomorphism: H ^ H'^E{—3)) by the following data where E is naturally 
q^p*E and ^(1) is R^q^p* E{-1): 

1) meV® S2H^ 

2) a surjection: 2C]p(yv) — > 9(2) — > (denote by E its kernel) 

3) and a surjection: — > q*9{(r + r) ^ 

In fact, the symmetric map m is just the restriction to the a-plane associated 

to A^ of the 2n + 2 rank element of A H^{Otp,{1)) ® S2H^ of Tjurin, (Cf [T2] or 
[LeP]) and it can be obtained from the following sequence coming from Beilinson's 
spectral sequence. 

— >H^Oy ^H^^Oril) — >0i2) — >0 (2) 

We have also to recall from [E-S] that the data 3) exists only under the condition 
that the restriction of F to C splits. To be more precise, the restriction of the 
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data 2) to C gives a sequence 

— > ^"(-1) — >Fc — > r(-2) — > (3) 

which has to spht for the existence of the data 3). This is the main difficulty of 
this description of U^- So let's first globahze data 2). 

The group P =^^^ j j^j^ acts on H by ^p.h.p, and it also acts on the previous 
data according to the exact sequence (0). Furthermore, 2 elements of 17^ are 
isomorphic if and only if they are in the same orbit of this action. 

Our reference about properties and existence of the moduli space of those theta 
characteristic will be [So]. A net of quadrics will be called semi-stable (stable) if 
and only if, for all non zero totally isotropic (for the net) subspace L we have: 
dimL + dimL^ <dimH (< dimH). Let 9 be the quotient (l^ ® ^2^'')'7^, 
and Gfj be the stable points which represent locally free sheaves, and Gq be the 
dense open subset of G made of isomorphic classes of ^-characteristic which have 
a smooth support. The space G is irreducible of dimension and normal 

with rational singularities (Cf [So] theoreme 0.5), and Gfj is smooth (Cf [So] 
theoreme 0.4) because when 6 is locally free, the notion of stable nets coincide 
with the stability of 6 in the sheaf meaning (without the locally free assumption, 
the last notion is stronger). 

By construction, any element of Un has a non-jumping line through A^. This 
implies that the associated net is semi-stable. Furthermore by definition of Un, 
the ^-characteristic considered are locally free. So we have a morphism: 

Iu^Un — > Qif 

The key of the construction is to understand the fiber of this morphism. We 
have thus to globalize the data 2) and then, to show that for n < 11 this map is 
dominant, so we will have to understand under what condition the data 3) exists. 

Define by G'g = G(2, H^{6{2))^ the Grassmann manifold of 2-dimensional 
subspace of H^{6{2)), and Gq be the open subset of G'g made of pairs of sections 
of 0{2) with disjoint zeros. Denote by Kq the tautological subbundle of Oq'^ ® 
H^{6{2)). The existence condition of the data 3) was already identified in [E-S] 
§4.2 as the vanishing locus of a map: 

5e:OG'^^H\Oc(l))®iKl 
obtained by the following way: 

We pick from data 2) the exact sequence: 

— > F — > Cp(yv) MKe — > 0{2) K Og- — > 
whose restriction to C x G" (where C is 6' 's support) gives: 
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— ^ Cc(l) K — ^ F{Q{2) m Og-) — > Oc^ A Ke — >0 

2 

Pushing down this sequence twisted by Oq^ A Kg with the second projection of 
C X Gq direct image's functor, we obtain the boundary 6g. 

Denote by Zsg the vanishing locus of 6g. Then, according to [E-S], the fiber 
UN,e is the product of Zsg by P4. 

In^UN^ Oi f ye e Bif, Un,9 = IP4 X Zs, 

Let Go be the subspace of G made of isomorphic classes of 6'-characteristic 

with smooth support. Ellingsrud and Stromme had also remarked ([E-S] §4.2) 

2 

that for any 6 in Gq, the bundle A Kg generates PicGg, and that for n < 11 
Go is included in Un 's image. This image is thus irreducible, normal and "'^"■^^^ 
dimensional. 

Furthermore, if we denote by the elements of Un which have a stable 
image in G, we obtain that the image of is irreducible and smooth. So we 
need to prove the following lemma: 

Lemma 4.1.1 For n = 4 and 5, the make a covering of In when N travels 
through P3 

We have to understand the non stable nets which could occur in the image of 
Un- Let's recall from [So] that 6 is not stable if there exists a totally isotropic (for 
the net m associated to 6) subspace L G H such that dim L + dim L-^ > n. As 
there exists a smooth quadric in the net, L has to be at most 2 dimensional. The 
case dimL = 1 has already been avoided in [E-S] §5.10 using Earth's condition 
a2 of [Ba3]. So we have just to study the case dimL = 2. 

If there exists such a 2-dimensional space, then all the quadrics of the net 

can be written in the following way: E£? Yi I & ^' ) where Ai is a 2 X 2 

\ A, Bi ) 

matrix, and where i?j is a 2 x 2 matrix in case n = 4 and a 3 x 3 matrix in 
case n = 5. Their determinant must then be a multiple of (det(X]i=i ^i^))^- 
The curve of jumping lines of any preimage of this net must contain this double 
conic. Let An ={^1" d™ )~ Si=i^i^i5 ^^'^ first prove the following lemma 
before continuing the [4.1.1| : 

Lemma 4.1.2 If the conic det{AN) is singular in p, then either p represents a 
multi-jumping line or N is in the vanishing locus of a section of Eh for some 
jumping plane H 

The first case is obtained when aN,bN,CN,dN represent lines containing a same 
point p, and the other cases are reduced to the 2 cases where aN,bN,dN or 
bN,CN,dN is a basis of V, because we are allowed to change the basis of L. 



25 



Computing the remaining coefficient in this basis, and using that is singular, 
we are reduced by changing the basis of L to the case where a^v and cat are 
proportionaL But in this case, a^v divides all the (n — 1) x — 1) minors except 
one. It means that the line Oat cuts the multi-jumping lines in length n — 1. 
The computation of |1 . 1 . 1| also proves that this is not possible in a stable plane. 



and the |1.1.3| that it is impossible in a jumping plane H where N is not in the 
vanishing locus of the section of Eh-, because there is no jumping line of order n 
through when aN,bN,dN or bN,CN,dN is a basis of V. This proves the lemma 



4.1.2. □ 



To obtain the [4.1.1| , we have now to prove that there exists no instanton such 
that for every N in P3 the net has such a 2 dimensional totally isotropic space 
Ljy. If there was such a bundle, then, its hypersurface of jumping line would 
contain a double quadratic complex. Let Q be this quadratic complex, and S be 
the set of G P3 such that the a-plane ajy doesn't cut Q in a smooth conic, 
and let S' be the set of singular rays (i.e: the points of G which are singularities 
of Q n Oat for some A^). As S is the degeneracy locus of a square matrix, it is 
at least 2 dimensional. We can show that for any Q, the set S' is at least 2 
dimensional too: let = and J2i=Q kixf = be the equations of G and 

Q, and consider the third quadric Q' : J2t=o ^f^l = 0; then G P\ Q P\ Q' C S' 
because (xj) G G fl Q fl implies that (/cjXj) is a line meeting the line (xj) in 
some point A^, and for any {zi) in the a-plane oat, the equation (zj) cut ikiXi) 
which is Yl\=Q kiXiZi = means also (zi) G T(^Xi)Q- 

Then we can conclude using the lemma [4.1.2| , proposition |3.3.2| , and Coanda's 



theorem ([Co]), remarking in the cases where A^ is on the jumping section of Eh 
for some jumping-plane H, that E can't be a special t'Hooft bundle, otherwise 
there would exist a n-jumping line through A^ which as been excluded in the 



demonstration of 4.1.2. □ 



4.2 Description of the boundary 80 

We'd like now to understand more explicitly the fiber of Z^^ over some 9. In other 
words, we need a description of the splitting condition of the restriction of F to 
C . The following will consist of 2 descriptions of this condition. The ffist one 
is explicit in function of the net of quadrics, and enables to prove that the fiber 
Zsg is the complete intersection of Gq with some hyperplanes This could have 
been conjectured from EUingsrud and Stromme viewpoint because of the map 5 
of the previous subsection, but we can't conclude directly from this because there 
is some torsion in PicGg . Furthermore, we will need a second description to 
understand the ramification of this morphism in term of vector bundle and to get 
informations on L. 



• First description 
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Let K be the 2-dimensional vector space generated by 2 sections of 9{2) with 
disjoint zeros. Let F be the vector bundle over the exceptional plane Y = 
defined by the exact sequence: 

— — ^K®Oy — > 9{2) — ^ (4) 

Let 5" be the kernel of the map ® ^(3) ^^^(4) obtained when twisting by 
^(2) the exact sequence (0) of the net of quadric. 

As £xt^{6{2), Oy) = we can compute the kernel of the restriction of (|[) 
to C by dualizing (|). This yields to Tori{e{2),e{2)) = Oc(l)- We can now 
deduce from (Q) the exact sequence: 

— > Oc{i) — >H® e{2) — >H^® e{3) — > e\A) — > o 

Taking there global sections, we get the following diagram where S is by definition 
the cokernel oi H ^ H^{0{2)) ^ H'' ® H^{0{?>)). 



1 I 

l\ [ 

H ® i/°(^(2)) -^H"^ H%9{3)) S 

\ \ 



On the other hand, we can compute the following diagram displaying the sequence 
(P horizontally and the sequence (0) vertically: 


\ 

F®H^K®H®Oy*H® e(2) 

F ® ^K® ^H'' ® 0(3) 

Fe{2) — - K ® e{2) — - e'^{A) o 

i I 



We obtain by passing there to global sections the following: 
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b 



I 

H\Fe{2)) 



■H\F)®H — -0 



®V ®K ^ H%e{3)) (g) i/^ - H\F{1)) ® i/^ - 



H\d{2))®K' 
\ 



i 




/ 



H\Fe{2)) 



The splitting condition of sequence @ is just f{g{H^{Oc))) = , where / and 
g are constructed in the following diagram obtained by taking global sections in 
the sequence @ twisted by ^^(2). 



^ H^iOcil)) ^ H^Fe{2) 

I 




i 

9 



i 



H^Fe{2)^K ®H^e{2) 



f 



So, the condition that the 2-dimensional vector space K C H^{6{2)) gives an 
instanton, which is also the vanishing of H^{Oc) in S, can be translated if W 
denote the preimage by c of g{H^{Oc)) in ®V ® K , by the condition: a{W) C 
Im6. 

We will now identify this condition with an explicit map A H^{6{2)) — > H^{Oc{l))- 
To construct (3, let's first consider the Eagon-Northcott complexes associated to 
the sequence twisted by —1. This gives for the second symmetric power the 
following sequence: 



0^ (A H){-2) ^ ® H{-1) 



\2)^0 



We obtain by dualizing it the 2 following short exact sequences: 



^ S2H ®Oy Oc(l) ^ and ^ A ^ H^{1) ® H ^ {A HY{2) 
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Let S2H ® Oy H^{^) H he the composition of the 2 previous injections. 
Then d and e are illustrated in the following diagram not exact in the middle: 

Oy H ® H^{1) ^\ ^v)(2) 

m 1 I 

^ ^2 {H^{1)) — H^{1) ® H^{1) ^ (1 ^v)(2) ^ 

The display of the monad (rf, e) made by the first line is: 



1 i 

" S2H ® Oy A Ocil) - 

I 







S2H 



Oy^^H. 



B 







{kH^^){2)^{kHp{2) 


The last column of this display gives when passing to global sections a bound- 
ary map AH^ ® S2V ^ H^{Oc{l)) which vanishes on the image of the map 



hi 2 



V ® S2V obtained from e by taking global sections. Using 



now the surjection of 



) we obtain the commutative diagram: 

H ® ®V ® ® S2V 



which identify the conditions a'{W) C Imb' and a{W) C Imb, where a' is defined 
in the diagram below. As we had already identified the splitting condition with 
a{W) C Imb, we can from the following diagram construct a map (3 giving the 
corollary [4.2.1 . 



y o 1 



H®H 
I 



V " AH^® S2V " H^Ocil) ^ 



P 



A {H^®V)- 



Aif0^(2)- 



Corollary 4.2.1 The splitting condition of the sequence ^ is given by the van- 
ishing of a surjective map A {H^6{2)) — > H^{Oc{^)) 

This gives the following description of where we denote by the vanishing 
locus of a section s of 6* (2): 



A s'\s, s' e H'^e{2), Z, n Z,, = and A s) = 0}) 
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• Second description 

Let E be an ra-instanton, 6 its associated 6'-characteristic, and s, s' be 2 sections 
of 9{2) associated to E. The purpose of this second description is to understand 
the possible singularities of Zsg at s A s' in terms of the vector bundle E. This 
part will be divided in 3 steps. First, we will construct a new map Pe, then we'll 
have to identify the vanishing locus of /5 and Pe, and in the third step, this will 
enable us to understand the particular bundles that give singularities of Zsg. 

1) We will construct here a map Pe ■ H^e{2) ® H^e{2) H^Oc{l)- Let's 
take the exact sequence of restriction to the exceptional divisor x = r — a twisted 
by E(r), where r = p*0^.,{X) and a = 

— . p*E{a) p*E{t) p*E{t)\^ — > 

apply it to the functor q^, to get the following exact sequence where we recall that 
F = q^p*E, and that the 2 dimensional vector space in the right of the sequence 
is naturally the fiber of E at N . 

— > F(l) — > q*p*E{T) — >20y — >0 (5) 

Let 2H°e{2) % H^Fe{3) be the boundary map obtained when taking global 
sections in (H) twisted by 0(2). Taking global sections in (|]) twisted by 9{3) gives 
us a map H^F9{3) H^Oc{l)- Define Pe as the composition of Se and this 
map: 

pE : 2H^e{2) ^ H^Fe{3) — > H\Oc{1)) 



e{2) 



2) To link P and Pe-, we will prove here that for every surjection 20y 
where a, a' are such that P{a /\ a') = 0, then Pe^—ct', cr) = 0. 

For all that, apply to the sequence | the functor Ho'm{*,6{2)). It gives a 
map Hom{20Y i0{2)) — > Hom{q^,p*E{T),6{2)), which enable to pull back any 

by a map q^p*E{T) 9(2) making the following diagram 



: 20y 9(2) 
commutative: 




t 



F(l) 



9(2)- 



N -F' 

t t 




(6) 
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where N and F' are by definition the kernel of ip and 0, and where the middle 
hne is the sequence |. Restricting (||) to C gives the 2 following diagrams where 
the kernel of the restriction of ip to C is noted M: 




t 

e{2) 

4j 





t 



- Fc{l) - q.p*EiT)c — 20p,^ 
O-Fc(l) — 



M 

\ 




r(-2) -0 

t 




(7) 



O-Fc(l) 
0-Fc(l 



M 



AT, 



c 



r{-2) 



F'c 



-0 
-0 



t t 



Construct a map — 6'^ ^ M by composition of the injection ^ — -^0(1) 
of sequence with the injection of -Fc(l) in ^ of the diagram (|p. Denote by 
M' the cokernel of i, and by i?' the cokernel of the injection — > 6'^ — q,,p*E{T)c 
obtained by composing i with the injection of M in q^,p*E{T)c of the diagram 
(^. Now using the fact that we have an injection of the cokernel of (|^) in M' 
and in E', we obtain from the following diagram: 


t t 

■E' -2Op,^0 (9) 

M' r(-2) - 

t t 





o-r(-i) 
o-r(-i) 
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We can now notice that (3e is just the boundary obtained when taking global 
section in the middle line of twisted by ^(2). As the right column of 
twisted by 9{2) gives an injection on H^iOc) in 2H^{9{2)) of image (— cr',cr), 
we obtain that Pe{—<^',<^) = if and only if M' splits. But Fq split because 
P{a' Aa) = by hypothesis, so we have after the choice of a section a of @ the 
diagram: 



t t 
— - 6" — - M M' — - 



O-Fc(l) 

a 



c 



9' 



\ 





which proves that M' ~ F^-,, and that f3 and (3e have the same vanishing locus. □ 

3) Identification of Zsg 's singularities. 
Let E be an instanton, and s As' its associated element of Zsg. Denote by K the 
vector space Vect{s,s') C H^{9{2)). 

The bundle E gives a singularity of G{2,H^{d{2))) fl ker/5 if and only if the 
Zariski tangent space to G(2, H^{6(2))) at s A s' is included in one of the hyper- 
planes given by (3. In other words, it means that K is in the kernel of one of 
the skew map given by (3. As H^iOciX)) = Sn-iV^ , it means that there is some 

p G Sn-iV such that K®pism the kernel oi K ® Sn-^V ^ H°{e{2)y. 

But we can understand this kernel explicitly with the following diagram, where 
the first 2 lines are obtained from the sequences (^) and (0), and the last from 
sequence (|5|) twisted by Cy(n — 4): 



H^e^in - 4) — H^{Fc{n - 3)) {H°0{2)y *- 



^ H°{q^p*E{n ~ 3)a) H^{q^p*E{T + {n - 4)cj)) Sn-iV -5- H^{F{n - 3)) 

t 



(10) 



This proves that the maps (3e and 5e have the same kernel, which is nothing else 
than the cokernel of H°{q^p*E{n - 3)cr) ^ H^{q^p*E{T + {n - 4)(t)). 

Corollary 4.2.2 The ramification locus of the map 9fj is made of special 

t'Hooft bundle for C2 = 4. 
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For C2 = 5, there are 3 possibilities. If the Zariski tangent space of Zsg is 15 
(respectively 16) dimensional, then this point arise from a t'Hooft bundle (respec- 
tively special t'Hooft). If it is 14 dimensional, then the bundle twisted by 2 have 
2 sections vanishing at N . 

NB: For C2 = 5, a bundle such that H^Jn ® E{2) > 2 doesn't necessarily give a 
singularity of Zsg. 



The result [4.2.2| is clear for C2 = 4 because we have in this situation h^{q^p* E{t)) > 

2. 

When C2 = 5, any singularity of Zsg is such that K ^ p is in the cokernel of j 
for some p E V, so h^{q^p* E{t + a)) > 2. Although this will be enough to prove 
the smoothness of I5, we will go further to understand the ramification, and also 
because it seems it is not enough to obtain the connexity. The cases of a 15 or 
16 dimensional Zariski tangent space, have the following interpretation in term 

of the cokernel of H^q^p*E{a) ^ H°q^p*E{T): 

Take global sections in (|^) to obtain like in the diagram (|T0[) a map jS' : K —>■ 
H^9^{—1) = H^{d{3)y whose kernel is the cokernel of j'. In fact (3 is the com- 
position of /3' with the injection H^{e{3)y {H^{e{2)) ® Vy. But the Zariski 
tangent space of Zsg at s As' is 15 (resp 16) dimensional if and only if there is a 2 
(resp 3) dimensional subspace of such that the map K H^{0{2)) ®W ^ 
induced by /3 is zero. 

-If dimly = 3, then /5' = and thus h'^ {q^p* E (r)) = 2. 

-If dimpy = 2, then we have to find an element sq & K such that the 
map P'{so) : H^{9{3)) — *• C is zero. Let {p,q) be a basis of W, and com- 
pute the dimension of {H°{9{2)) ®p}n {H^{e{2)) ® q} in H^{0{3)). Indeed, as 

H^e{3) O fsT ^ (D is zero on the image of H^{9{2)) ®W ® K in H^{e{3)) ® K, if 
{H\9{2))®p} + {H^{9{2)) O g} is or 1 codimensional in H^e{3), then there is 
such an sq. So assume that it is not the case, then dim{H^ {9{2))®p}n{H'^ {9{2))(S) 
q} > 7, and this intersection would contain 2 elements independent relatively to 
if°(6'(l)) So there would exist 2 sections s, a of 9{2) (independent relatively 
to H^{9{1)) ® q), and s',a' (independent relatively to H^{9{1)) ® p) such that 
s.p = s'.q and a.p = a'.q. As those sections are not in if°(6'(l)) the lines p, q 
have to cut one another in a point P E C, and the 4 remaining points of g fl C 
have to be zeros of s and a. As 9{2) is generated by its global sections, those 
vanishing in a given point are always an hyperplane of H^{9{2)). As the inter- 
section of the 5 hyperplanes associated to g fl C is H^{9{1)) q, the intersection 
of 4 of them can't be 7 dimensional, which contradicts the hypothesis. 

Remark 4.2.3 For C2 = n, if there is a section of 9 (2) which is in the cokernel 

of H^q^p*E{a) H^q^^p* E{t) , then this section vanishes on the vertices of the 
complete {n + l)-gone (inscribed in the curve of jumping lines) obtained from the 
lines through N which are bisecant to the zero locus of the associated section of 
Ed) 
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Let E be an n-instanton such that there is a section s of 6{2) in the cokernel 
of j'. Let $5 be the ideal of the vanishing locus of the section of E{1) coming 
from s. The bundle F = q^p*E is also g*p*53(r), and we can understand s 
with the following diagram, where the first column is the natural evaluation: 

{q,p*E) ^ {q^O^^ir)) -> q,p*EiT). 





e{2) 



q^p*E{T) 



g,j9*53(2r) 



F © F(l) ^ g.p*$5(r) ® q.{0^^{T)) 

As i?^g*p*9'(2r) = because there are no multi-jumping lines through A^, we 
have for any line D containing N a surjection from g^p*Q'(2r){d} onto if°(53£)(2r)) 
where 3d = '^^Od. But the map q„p*'^{T){d} ® g*(C»p^(r)) if°(3D(2r)) has 
to be zero if D is bisecant to the scheme defined by 9, thus the support of L 
must contain the points corresponding to those lines. Computing the degree, we 
can conclude that s vanish on the {n + l)-gone whose vertices are the projections 
from of the previous bisecant. 

Corollary 4.2.4 When C2 = 4 the fiber Zsg is singular if and only if the support 
of 6 is a Lurdth quartic. In this situation, the singularity s A s' is such that the 
zeros of s and s' give the pencil of complete pentagons inscribed on the quartic. 



4.3 The normality condition when C2 = 5; appUcations 

We want here to understand when is not regular in codimension 1. When 
C2 = 5, the fiber Zsg is an open subset of the Grassmannian G{2, 10) cut by 3 
hyperplanes. Let Ai be the skew forms associated to those hyperplanes, and aj 



be their skew linear maps. The key result of [4.2.2| and [4.2.3| is that any s in the 
kernel of all the Oj gives a (n + l)-gone inscribed in 6''s support. So we want here 
to prove the following: 

Proposition 4.3.1 When C2 = 5, if G{2, H^6{2)) nker/3 is singular in codimen- 
sion 1 or have an excess dimension, then the ai have at least a ^-dimensional 
common kernel 



Both singularity in codimension 1 and excess dimension imply that there is 
a 12 dimensional subscheme S of G{2, H'^6{2)) fl ker (3 such that the intersection 
is not transverse at any points of S. So, any s A s' of S* is necessarily in some 
ker(X]i=? Ajaj), then S is in \JG{2,keT{Y.iZi Ka-i)) ■ As 5* is 12 dimensional, at 
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least one of those Grassmann manifold is of dimension 10 or more. So this Grass- 
mann manifold has to be at least 12 dimensional, and for this value of (Ai, A2, A3) 
one have dimker(X^-^'^ Ajaj) = 8 (none of those maps are zero according to the 
4.2.1| ). We can assume that this occur for (1,0,0), so dimkerai = 8. This yields 



to the following discussion: 

a) There is no (Ai,A2,A3) 7^ (1,0,0) such that dimker X]i=i AjOi) = 8. Then 
the union of those Grassmann manifolds is the union of G(2,kerai) with some- 
thing of dimension at most 8+2. So we must have G{2, ker ai) = S, but it implies 

2 

that all the Ai are zero on A kerai. The have then at least a 4 dimensional 
common kernel. 

b) Otherwise, we can assume that dim ker 02 = 8. If had also an 8 dimen- 
sional kernel, then the would easily have a 4 dimensional common kernel, so let's 
assumethatif A3 ^ Othendimker(E£?Aiai) < 6. So dim U ^(2, ker(E£? Aia^)) < 10, 

then S C U ^(2, ker(X]i=i AjOj)). So S'nG'(2, ker ai) is at most 1 codimensional in 
G{2, ker ai), and it is in the vanishing of A2 ^ and of ^3 ^ . So those 2 skew 

|Akcr a.]^ |Akcr a-^ 

forms have to be proportional on ker ai, then we can assume that A'^ ^ = so 

I Aker a-^ 

the Qi have again a 4 dimensional common kernel as claimed. 

Theorem 4.3.2 The moduli space is irreducible of dimension 37. 

Let's first show that for a general 6 in the image of U^, then is irreducible. As 
Zsg is open in G'q fl ker /5,it is enough to show that G'q fl ker /? is irreducible, where 
G'q = G{2,H°{9{2))). But any degeneracy locus of 30g'^ Og'^{1) is connected 
(Cf [A-C-G-H] p311), and complete intersection. So it satisfies Serre's condition 
(S2), and in our situation, the |4.3.1| shows that if it is not regular in codimension 
1 (Rl) or if it is excess dimensional, then the support of ^ is a Darboux pentic 
according to [4.2.3| (in fact it would be 4 times Darboux if this had a sense! 



Anyway 6 can't be general in 0. Then if 6 is not Darboux, G'g fl ker (3 is normal, 
connected and 13-dimensional, so it is irreducible and Zsg too. 

But we proved in the [4.1.1| that the ([/^)AreP3 cover J„. Furthermore, the 
basis of the fibration Gfj is irreducible and smooth according to [So], and 

the fiber is P4 x Zsg which is irreducible, normal and 17 dimensional when 6 
is not Darboux. Furthermore, for any 6 in the image of Uf^, Zsg is at most 15 
dimensional because Gg is not include in a hyperplane. As Un is open in I5, all 
its irreducible components have dimension at least 37. But the Darboux 6 are 3 
codimensional in Gfj which is 20 dimensional, so the preimage of the Darboux 
6 is too small to make an irreducible component of U^. Then has to be 
irreducible, and 37 dimensional. We can conclude using the |4.1.1| that it is also 
the case for I5. 

Theorem 4.3.3 The moduli space of mathematical instanton with 02 = 5 is 
smooth 
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As Uff is a fibration over Qfj which is smooth, any bundle which is not in the 
ramification of this morphism is a smooth point of I5. So we have to check that 
a bundle E which is in all the ramifications of —>■ Ofj when fills P3 is a 
smooth point of I5. According to the 4.2.2| we must have h^{J']^E{2)) > 2 for 
every A^. So h^E{2) > 4, and either ii^ is a t'Hooft bundle, or E belongs to the 
family described in the [4.5.1| , and both are smooth points of the moduli space 

(cfm. 



4.4 Residual class 



9 



Let E be an ra-instanton, and assume that E has a 2 parameter family 5* of multi- 
jumping lines. Furthermore, we assume here that 5* is irreducible, and that the 
residual scheme of S in the scheme of multi-jumping lines M, is a curve (may be 
empty) not drawn on S. Eventually assume that Sred is locally complete inter- 
section. 

In order to define and compute the class of C in the chow 
ring of G (graduated by the dimension), we will have to 
work in the blow up G of G along Sred- Let Sred be the 
exceptional divisor, and x be the class of Sred in A3G, we 
have: A^G = {A^Sred © AkG)/a{AkSred) 

where G AkSred, a{y) = {ci{g*N/ON{-l) n g*y, -i,y), 
and where A^ is the normal bundle of Sred in G. Let's 



s 



J 



71 



red 



G 



f 



5, 



red 



G 



define: 



C = C,{rO^,{Sred) = Ci{On{-1)) 



The multiplicative structure of A^G is given by the following rules: 



. /*7-i*? = J*{{9*i*l)-^) 

where 7 G A^G and a, a' G A^Sred- So we have: = = {g*CiN, —i*[Sred]), 
because ( = -ci{g* N / On{-1)) + g*ciN and similarly x^ = j*C^ = ((ciA^)^ - 
C2{N),-i^{ci{N)), and 

A^SZ, = A,Sred[Q/ie - Cl{N)C + C2{N)). 

One has the exact sequence: H^E{-1) ® ^ H^E ® Oq ^ R^q^p*E 0, 
where Q is the tautological quotient bundle of H^{OTP^{l)y ® Og- According to 
[G-P], the scheme of multi-jumping lines M is the locus where a has rank at most 
2n — 2. Denote by U the universal subbundle of W{H^E'' ® O — G) and vr the 
projection on G. The degeneracy locus of f*a is equal to the one of and 
we can compute /*[M] in function of the vanishing locus Zg of some section s of 
f/^ ® 7T*{H^E^ (S) Oq) arising from the sequence: 

— >U — > 7i*{H^E'' ® Cg) ''^^ 7T*{H^E{-1) ® /*g^)^ 
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Indeed, one has f*M = it^{Zs), and s vanishes on the divisor Tr*^ so it gives 
a regular section s' of (8> n*{H^E^ (g) mx) where S = mSred in 

Computing this class as in [Fu] Ex 14.4 gives: 

2n 

Zs' = E (-l)^C2„_i(f/^ ® 7i*f*F){7r*mxy, where F = H^E{-iy ® Q. 

i=0 

According to Josefiak-Lascoux-Pragacz, [Fu]Exl4.2.2, one has: 

Vr.(c2„_i(t/^ ® 7r*f*F)) = C2n-^-i2n-2)+l{F - E^ ® Og)) = C3-.(F) 

But the Chern polynomial of F is: 

cy(F) = 1 + {nt)Y + - H^'' + [2("3')H>'' 

where t is the class of a hyperplane section of G, and m is represented by the lines 
in a plane. (Let's recall that the Chow ring of G is generated by t and u with the 
relations: = 2tu; = t^u. Furthermore, C2Q = t^—u and [S] = a{t^ — u) + jdu. 

2n .3 

So we have: vr^Zs') = E c^-i{F){-mxy = J2 C3^i{F){-mxy 

i=0 1=0 

n^{Zs') = (m'^[c2N - {ciNY] + m'^{ciN.n.i*t) - m.i*[("+^)t2 _ nu], 



Example 4.4.1 If S is a smooth congruence of bidegree {a,f5), then the residual 

^Ig^gg ^g. |^ a2+/3"-(n2-7n+13)/3-(n^-5n+13)a+(27r-2)(2n-12)-12x(0s) _ 

[2 ("3') -(^ - 3) («+/?) + 27r-2]tM) 
where vr is the genus of a hyperplane section of S , and p is the class of a point in 
AoS. 

NB: the term of the right is still valid when S is just locally complete intersection, 
and that is the non vanishing of this term in the required situations that had been 



used in the 3.3.2 



Let Cifl be the Chern classes of the cotangent bundle of S. If C is a general 
hyperplane section of S, the normal bundle of C is Nc = N\c © Oc{l), where N 
is still the normal bundle of S. But CiNc = Ci{Qq) \c + Ci{uJc) = 4(a + /5) +27r — 2, 
so we have: t.ciN = [3{a + (3) +27r - 2].p. 

On the other hand, one has ciN'^ — C2N = [5(a + + 8(7r — 1) + C2^].p, which 
gives the formula using Hirzebruch-Riemann-Roch theorem and the following 
relation satisfied by every smooth congruence (Cf [A-S]): 

a^ + l3^ = 3(a + /3) + 4(27r - 2) + 2(cl^])2 - 12xiOs) 
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4.5 The family of n-instantons with h^{E{2)) > 4 

Proposition 4.5.1 Let E be any n-instanton with n > 5, h^{E{l)) = and 
h^{E{2)) > A, then h^{E{2)) = 4 and there is a section of E{2) vanishing on the 
union of 2 curves of arithmetic genus cutting each other in length 2. Further- 
more, one of these curves has to be a skew cubic (not necessarily integral), and 
the other one may be chosen smooth and has bidegree (l,n) in a smooth fixed 
quadric. 

We can construct from the hypothesis h^{E{2)) > 4 a map 4(9p3 —>■ E{2) whose 
kernel and cokernel will be denoted by E'{—2) and C. So we have the exact 
sequence: 

— > E'{-2) — > 40p3 — > E{2) — y C — ^ 

The key is that the support of C has to contain a quadric surface. So we have to 
eliminate in the following the other cases. 

First case: dim suppC < 1 

Lemma 4.5.2 // dim suppC < 1, then we have C2{E') = 8 — n — dc, where dc is 
the degree of the sheaf £xt^{C,0-p^). 

NB: In this case dc is also the degree of £, but we'd like to keep the definition of 
dc in the other cases. 

Let a be such that E'^{—a) has a section. Choosing one enables to build the 
following diagram where the middle line is obtained by dualizing the previous 
exact sequence, and where X is the vanishing locus of the chosen section {X 
could be empty): 



1 i 

(4 - k)Ojp,i-2) - Ojp,ia) B ^ 

^ ^ ^ 

^ E(-4) - 40p3(-2) ^ E'" - Sxt\C, Op3(-2)) - W 

I i I 

A;Op3(-2) Jx{-a) A 

I i i 





We can first take a = —2. So there arise = 3 quartic surfaces containing X, 



and B has to vanish. The kernel of the last line of (11) is in this case E[—A). 
Choose 2 of those quartics, and denote by F their complete intersection, and by 
Jx\T the ideal of X in F. The last line of ([TI|) and the resolution of F give in the 
following a section s of E{2) whose vanishing locus will be noted Z. 
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1 I 

O^OP3(-4)^20P3 

^1 I 
^ E{-2) 30p3 

i I 

0^ Jz -Cp3- 

i i 







i 



-Jr(4)- 
i 

i 

i 




-0 

i 

\ 









(12) 



but the third column of ([T^ proves that X is hnked by the 2 quartics to the 
support of J'x\r, and the last line implies that this support is the union of Z with 
the 1-dimensional part of £xt'^{C, Cpg) 's support counted rank of £xt^{C, Cpg) 
times. So it proves lemma [4.5.2| . □ 

We can remark now that the degeneracy class of ^O-p^ —* E(2) is negative 
when n > 5, so the support of C has to contain at least a one dimensional 
component. So we have from lemma 4.5.2| C2-E" < 2. 



Let's use again the diagram (|n|), but this time with the biggest a such that 
E'^{—a) has a section. We will now study the possible cases recalling that A's 
support is at most 1 dimensional. 

• lik = 2 

Then the kernel of the first line of ( pH]) is 0]p.^{—a — 4), and it is injected 
into £'(—4). So it gives a section of E{a), and by the hypothesis made on 
E and a, we have a > 2, and then X is empty because A's support is at 
most 1 dimensional. So the middle column of (|TT]) splits, (in this situation 
we will say in the following E"' splits). 

• If E'" splits 

Then the map from B to Sxt'^{£,OTp.^{~2)) of (|TT]) is an injection, so S's 
support has also to be at most 1 dimensional. The only possible cases are 
thus: 



— A; = l,a = 2,X = 0, but it implies E'" = Ojp,{2) © Ojp,{-2), so it 
contradicts the independence of the 4 chosen sections of E{2). 

— k = 2, then A and 5's supports are 1 dimensional of degree (a — 2)^ — 
C2{E') - d} and (a + 2f . As E'^ is splited, the degree of Ext^{L, Cpg) 
is the sum of A and S's degree. Using C2E' < 3 — dn, we obtain the 
contradiction: > + 5 + d^. 

— = 3, a = —2 but it is impossible because E'^ is reflexive and C\{E'^^ = 0; 
C2{E'^) < 2, so £"^(1) must have a section. 
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So the only remaining case is: 
• A; > 3,X ^ 

The curve X can't be in 3 independent planes, so a > 0. In other words, it 
means that E' is semi-stable. 

— If a = 0, then X has degree C2{E'), which must be 1 or 2. So there is 
a plane H having a curve in its intersection with X. This intersection 
is in fact the union of a curve of degree 6 = 1 or 2 with a scheme X' 
which is the vanishing of a section of Eni—b). The last line of (0) has 
kernel 4) because > 3, so it gives the following exact sequence: 

Eni-A) — > kOH{-2) Jx'{-b) ^ A' ^ 

But X' has degree C2{E') +6^ > 2, so it lies in only one line, thus those 
3 sections have to be proportional. Then we would have 4) = 

2(9h(— 2), which is impossible because an instanton doesn't have un- 
stable planes. 

- If a = -1, (i.e: E"" stable) 

Then we have C2(-E'^) > 0, and on the other hand, Sxt'^{C,0-p.j^) has 
a non empty 1 dimensional component, so we have 5 < n < 7 and 
< C2(-E'^) < 2, and dc < 2. Take this time a general plane H such 
that Eh and E'^ are stable, and dc = h^Sxt'^{C, Cpg). Restrict to H 
the second line of diagram (^) to obtain: 

Eh{-A) ^ AOh{-2) E'^^ 8xt\C, 0^,{-2))h ^ 








But h^E'^ = because C2{E'^) < 2, and h'^N{l) = h^EniS) = 
h^En = 0, so we have h^Sxt^{C,Ojp,{~l))H > h^E'^{l), which is 
greater or equal to 4, so it contradicts dc < 2. 



Second case: The support of C contain a 2 dimensional part which is a plane H. 
We have the following sequence, where this time Ci{E'^) = —1. 

— > E'{-2) — > 40p3 — > E{2) — >C — ^ 

\ / 
M 
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As previously, we obtain the following diagram: 



1 i 

(4 - k)Ojp,{-2) ^ Ojp,{a) ^ B ^ 

i i i 

^ M^(-2) — 40p3(-2) E'^ - Sxt\C, Op,{-2)) - (13) 

i i I 

kOjp,{-2) Jxi-a - 1) >- A 

i i I 



Working as in the first case, we prove that the union of a section of E'^{2) 
with £xt^{C, 0-p.ys support (counted rank of £xt^{C, O-p.^) times) is linked by 2 

2 

cubic surfaces (sections of A {E'^{2))) to a section of M^(3). Furthermore, this 
section is linked by a section of E{2) to a (possibly empty) curve of H. But this 
plane curve is of degree at most 2 because Eh is necessarily semi-stable. Then, 
C2(M^(3)) = C2(M^) > n + 2 (n > 5), so we have dc + C2{E"') < and dc < 2. 

But as Ci(E'^) = -1 and c^iE'^) < 0, we must have /i°(E'^) ^ 0, we can 
assume a > in diagram ([13D . 

• If X = Then E"' has to split, so B injects itself in £xt'^{C, Otp,{-2)), thus 
-B's support has to be at most 1 dimensional. As A has also a 1 dimensional 
support (at most), we have only the following cases: 

- k = l,a = 1, so E' = Op3(-l) © C]P3(2), but it conflicts with the 
independence of the 4 chosen sections of E{2). 

— k = 2, then B has a 1 dimensional support of degree (2 + a)^ > 4, but 
it conflicts with dc <2. 

• If X ^ 

The facts that A has an at most 1 dimensional support, and that a > 
imply k = 2,X = Pi, a = 0. Then X must have degree C2{E'^), which 
contradicts C2{E'^) < 0. 

The effective situation: 

We can conclude from the previous cases that there is a quadric Q in £'s 
support because it can't contain a cubic surface as there is no curve in 3 inde- 
pendent planes. So a section C of E{2) have a component C2 in the quadric Q, 
and another one Ci, which has to be skew because h^E[l) = 0, and which lies on 
3 quadrics. This curve Ci must then be a cubic curve of arithmetic genus 0. 

Let's remark that C2 has degree n + 1 > 6, so Q is normal because C can't 
have plane components of degree 3 or more otherwise there would be an unstable 
planes, which is not possible for an instanton. 
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One has first to check that Ci and C2 have a 0-dimensional intersection to get 
the [4.5.1| . The cubics arising when the section of E{2) moves, are the vanishing 
locus of sections of M^(2), which is reflexive of rank 2. Take a normal quadric Q' 
containing Ci, then it must contain a pencil of those cubics say ACi + fJ^C[. But if 
the associated pencil of sections of E{2) was such that CinC2 and C[ nC'2 were 1 
dimensional, then Ci fl C[ would have a 1 dimensional component, because CinC2 
and C[ n C2 lies in the fixed curve Q CiQ', and this 1-dimensional component of 
Ci n C[ would be in the singular locus of Q' which contradicts its normality. 

So there is a section of E{2) vanishing on C = Ci U C2, where Ci is a skew 
cubic of arithmetic genus and dim Ci fl C2 = . On the other hand, we have 
LOc = Oc, and the exact sequence of liaison (i=l or 2): 

^c. — 0c — Oc,_, ^ 

gives when i=l by restriction to Ci that Ci fl C2 has length 2, and when i=2 by 
restriction to C2 that C2 has arithmetic genus 0. But a quadric cone can't have 
curves of arithmetic genus and degree greater or equal to 4, so Q is smooth and 
C2 has bidegree (l,n) in Q. 

We'd like now to prove the smoothness of a general C2. Denote by h the 3- 
dimensional subspace of IC2I induced by the 4 sections of E{2). The base points 
of h must be in the singular locus of Q U Q' for any quadric Q' containing Ci, 
hence those points are on Ci. But we showed that Ci fl C2 was 0-dimensional, 
so the set of base points of h is at most finite. Furthermore, if C2 is singular in 
some point P, then it must contain the ruling of bidegree (0, 1) passing through 
P, so this ruling would be a base curve of h if the general curve was singular at 
P. Hence, the generic element of h is smooth and irreducible of bidegree {l,n), 



and this is the proposition 4.5.1. □ 



Proposition 4.5.3 Let E be a n-instanton with n > 5, h^{E{l)) = and 
hP[E(2)) > A, then E has only a 1-dimensional scheme of multi-jumping lines. 

The bundle E belongs by hypothesis to the family [4.5. 1| , so denote by Q the 
quadric which is the support of the cokernel of the map given by the 4 sections to 
E{2). Let s be a section of E{2) and Zg = €2,3 U Ci^g its vanishing locus, where 
Ci^s is the rational cubic and C2,s is the curve of bidegree (l,n) in Q. If a line 
(i is a multi-jumping line then Ed{2) = Od{a + 2) © Od{—a + 2) with a > 2. So 
a multi-jumping line d meets Zg if and only ii dCi Zg has length at least 4. So if 
E has a 2 parameter family of multi-jumping lines, then infinitely many of them 
would be 4-secant to Zg and up to a change of the section s, we can assume that 
infinitely many are not in Q. So those lines are 2-secant to C2^g and 2-secant to 
Ci^g because they are not in Q and Ci^g don't have trisecant. Denote by S the 
ruled surface of P3 made with those lines. 

a) If Ci^g is smooth. 

Then the basis of S is a curve F on the Veronese surface of bisecant lines to Cig, 
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and S must contain C2 because C2 is irreducible. But we have a morphism of 
degree 2 from C2 onto the basis of S hence F is smooth and rational, so deg S = 2 
or degS = 4, but S contains Ci U C2 so degS > 4 because h^E{l) = 0, and all 
the quartics containing Ci U C2 are some QUQ', where Q' is a quadric containing 
Ci, so S can't be a quartic containing Ci U C2 and this case is impossible. 

b) If Ci^s is made of 3 lines containing a same point N independent of s, 
then C2,s must contain because Zs is locally complete intersection. As C2,s is 
smooth at A^, any line through A^ meets Zs in length 2 around A^, and N & Q, 
so a line through A^ don't meet Ci^g in another point, and it can't meet 6*2,3 in 2 
points distinct of A^, so it can't be 4-secant to 6*2,5 H Ci^g- There must then exist 
a plane H containing 2 of the lines of Ci^s and infinitely many multi-jumping 
lines meeting C2,s- As 1) = 0, 6*2,3 Hif must be 0-dimensional, and there 

would be a point P in C*2,s fl if such that every line of H through P is bisecant to 
C*2,s. Hence H is tangent to Q at P, but one of the ruling of Q through P would 
be in H and would be only 1 secant to 6*2,5 because it has bidegree (l,^), which 
contradicts the definition of P. □ 

Proposition 4.5.4 Let E be a n-instanton with n > 5, = and 

h^{E{2)) > A, then E is a smooth point of the moduli space In- 

From classical theory (cf [LeP]), one has to prove that h'^{E®E) = 0, and if C* 
is the vanishing locus of a section of E{2), then h^{Ec{2)) = implies this result. 
As Ec{2) is just the normal bundle of C, we are considering the problem of the 
vanishing of h^{Nc), so we will solve it as it was done for smoothing questions in 
[H-H]. 



Let's recall from |4.5.1| that C* = C*i U C*2 where the Ci have zero arithmetic 
genus, and where C*i is a skew cubic and C*2 is on a smooth quadric Q. We 
want first to prove the vanishing of h^{Nci). As C*2 has bidegree (l,n) on the 
smooth quadric Q, we have h^{Nc2) = 0. (Cf for example the proof of prop 5.4 
a in [H-H]). This will be true for C*i even if it is 3 concurrent lines. Indeed Ci 
is the vanishing of a section of -R(l) where R is a. rank 2 reflexive sheaf with 
(ci,C2,C3) = (0,2,4), and the following exact sequences: 

^ 20jp,{-l) ^ 40p3 ^ R{1) ^ &0 -> 20p3(-3) ^ 30jp,{-2) ^ Jc, ^ 

imply that /iH^(l)) = 0, h'^{Jc,Ril)) = thus h\Rc,il)) = 0, but Rc,{l) = Nc,. 

So both h^Nci are zero, and we can now deduce from it that h^Nc is also 
zero. We have the following sequence of liaison: 

Q—^Oc^Oc,® Oc, Oc,nc, 

giving when twisted by E{2): 

Q^Nc-^ EcA'^) ® Ec,{2) ^ ^c,nc.(2) 
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Furthermore, the inclusion Jc C gives a map A^q Nc- Then we have the 
following exact sequence defining and M,: 

\ / 
Mi 

/ \ 



As h\Nc:) = implies h^M^) = 0, we have | ^i(^;^^2j)l,°^0(£.) ^ g ' 
which gives h}{Nc) — when taking global sections in the following diagram. 
Nc, e Nc^ Ec, (2) © Ec, (2) £i © £2 — 

i i 

Q^Nc Ec, (2) © Ec, (2) — Ec.nc. (2) — 

i i 



We can now conclude that £■ is a smooth point of the moduh space because 
Nc — Ec{2), and the previous vanishing gives h^{E®E) — using the sequences: 

^ E{-2) ^ E®E^ JcE{2) ^ and ^ JcE{2) E{2) ^ iVc ^ 

4.6 A ^-characteristic on the curve of multi-jumping lines 
of an n-instanton 

Assume here that E is an instanton vector bundle with second Chcrn class n. 
The aim of this part is to study the scheme of multi-jumping lines of E when it 
satisfies the properties expected from its determinantal structure. 

For instance, according to [B-H], the general member of the irreducible compo- 
nent of the moduli space containing the t'Hooft bundles satisfy those properties. 



Proposition 4.6.1 // an n-instanton has only {k < 2)-jumping lines, and if its 
scheme of multi-jumping lines is a curve T in G, then we have: 

{R^q^p*E)®^ = CrN;t^^ = {R^q^p*E)®'^{n - 4); K)®^ = Or{'in - 8) 
where ui^ is a dualizing sheaf on F. 

In fact this result is just an analogous of the proposition 1.5 of [E-S]. Let K and 
Q be the tautological bundles on G such that we have the sequence: 

The points/lines incidence variety of P3 is F = 1Pg{Q^), so one has the exact 
sequence, where q still be the projection from F to G: 
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Of{-t) q*Q^ — ^ {^F/G{r)y 

We'd like here to make a relative (over G) Beilinson's construction. So consider 
the resolution of the diagonal A oi F x F: 

G 

— > Of{-t) K ujf/g{t) — > Ofxf — >Oa — >0 

G a 

which gives when twisted by p*E{t) ^ Of the following spectral sequence which 

G 

stops in £^2'* s-iid ends to p*E{t) in degree and in the other degrees. 

Q 

q*{R%p*E) (8) OF{a - r) q*{R\,p*E{T)) 

q*q,p*E (8) ^^(cr - r) ^ q*q*P*E(T) 

By assumption E has no {k > 3)-jumping hues, so E}q^p*E{T) - 
the following surjection where M denotes its kernel. 

— >M — ^ p*E{t) — ^ q*{R^q,p*E) ® C»i.(a - r) — >0 

Denote by h and K the restrictions of q and q*{R^q,,p*E) ® OF{<y — t) to g~^(r). 

The sheaf R^q^p*E is locally free over F, so = R^q^p*E ® h^OF^cr — r) = 

0, and we have: /i*M|g-i(r) = /i*(p*i?(r)|q-i(r)). Furthermore, as K is locally 
2 

free over F and K E — one has M|^-i(r) = K^{'2.t), so h^{p* E{T)\q-i{r)) = 
{R^q^p*Ey KOf{3t - a). But it means that /i*(p*£;(r)|<,-i(r)) (8) R^q*p*E = 
1) (8) Sym^iQ^Y-i and using that /?.*(p*i?(r)|g-i(r)) is locally free of rank 4, 
we found the relation: {R^q^p*E)®^ ® dei{K{p*E{T)\q-^-p))) = Or{2). But in 
fact q^,p*E{T) is locally free over G by base change, so det(/i*(p*£'(r)|g-i(r))) ~ 
Cr(2 — n), because ci{q^{p*E{T))) — 2 — n from Riemann-Roch over F. So we 
have: 

{R\.p*E)®^ = Or{n) 
On another hand, the following resolution of Ci? in G x P3: 

C»GxP3(-^ - 2t) ^ (8) C»P3(-r) ^ O^xPa ^ C»f ^ 

gives when twisted by p*E the following exact sequence deduced from the Leray 
spectral sequence: 

H\E{-1)) ^ H\E) ® Og ^ R^q*p*E 

The Eagon-Northcott complexes (Ei) associated to (f) gives resolutions of Mj, 
where we have because F is a curve: Mq = Or, Mi — R^q^p*E, Mj = SyrriiMi, 
and furthermore: 



P 



0, and we have 
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uj'^ = M2®ujg® det{H\E) ® Og) ® {H\E{-1)) ® Q")^ 

But LUG = Cg(-4), and det{H\E) O Og) ® iH^{E{-l)) O Q^y = OgH, so we 
have: 

uj^ = {R^q^p*E)^^{n - 4) ans (tu?)®^ = 0^(3^ - 8) 

Remark 4.6.2 9 — {R^q^p*E) ® ujy{2 — n) is a 9 -characteristic ofV. 
Ifn^ 2n', then so is 9 ^ {R^q^p*E){n' - 2). 

Proposition 4.6.3 // the scheme of multi-jumping lines F of an n-instanton is 

a curve in G without {k > 3)-jumping lines, then: 

R\,p*E{-T)\r ~ {R^q,p*E) ® Q\t{-(j) 
Furthermore, if V is smooth, then its normal bundle in G is: 

Nt,g = Sym2Q (8) a;r(3 - n) 

This proposition is also due to a relative Beihnson's construction, but this time 
the resolution of the diagonal is twisted by p*E Kl Op, so we have the spectral 
sequence: 

I? 

q*{R\,p*E{-T)) ® Opia - r) ^ q*{R%p*E) 

q*(q.p*E(-T))®OF(a-T) -q*q*p*E 

which ends with O^K^p*E^N^O where N is the kernel of d and K the 
cokernel of d'. It gives the exact sequences (*): 

— >q*{q,p*E{-r))<^OF{a-r) — > q*{q,p*E) — > p*E — ^ ^ 

\ / 
K 

/ \ 



— >N{T-a) — > q*{R}q,p*E{-T)) — > q* {R} q,p* E){t - a) ^ 

Let's restrict this last sequence to g~^(r), then we can apply the projection for- 
mula to (f {R} q^p* E{—Ty)\q-\Y and to q*{R^q*p*E){T — (j)|g-ir because they are 
locally free, and we obtain the exact sequence: 

R^q^p*E{-T)\T — ^ R^q*p*E ® q^Or{T -a) — > R^q^N^g-irir - a) 

On another hand the restriction to q~^r of the first sequence of (*) shows that 
R^q^K\r{T) = 0, so that R^q^,N\q-l^{T) ~ R^q^^p* Ey{t) = because E has no 
{k > 3)-jumping lines. So we have a surjection from R^q^p*E{—r)\i- to R^q^p*E 
Q{—1) which is in fact an isomorphism because those 2 sheaves are locally free 
of rank 2 on F. Furthermore, the curve F is given by the first Fitting ideal of the 
following map 0: 
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H\E{-3) (g) Oci-l) ^ H\E{-1)) ®Og^ R\,p*E{-t) 

where is symetric with respect to Serre's duahty. Assume now that T is smooth, 
and denote by Ct the restriction of R^q^p* E{—1) to V. 

We just need now, to conclude the proof, to recall the results of Tjurin (Cf 
[Tl]) which give a description of the normal bundle. Let's consider the hypernet of 
quadrics classically associated to an instanton, and denote by \^ = {H^O-p^{l)y 

2 

and H = H'^E(—3). The hypernet gives an inclusion P(A V) C ]P(Sym2H^), 

and denote by D2 the surface made of the quadrics of the hypernet of rank at 

2 

most n — 2, assuming here that G and P(A V) cut transversally the stratification 
of W{Sym2H'') by the rank of the quadrics. The second symetric power of the 

S2i|r 

restriction of j to T gives a surjection Sym2H^ ® Ot ^ Sym2Cr — > 0. Denote 
by K the kernel of S2j\T, then the fiber F{Kq) over some g e F is just made of the 
quadrics of P(i?) which contain the singular locus of q. This is also according to 

[Tl] or [T3]§2 lemma 1.1, the projective tangent space in q to the locus of rank at 

2 

most n-2 quadrics. The above hypothesis of transversality implies that AVHKq 

2 

is 3 dimensional. Similarly, composing the inclusion (A V)<®Or C Sym.2H* (8) Or 
with S2jr gives the sequence: 

— ^K' — >{AV)®Or — > Sym2Cr — > 

where W{K'^ is the projective tangent space to D2 at a point q of V. So we have 
the commutative diagram of [Tl] restricted to F: 



t t t 

^ Tn,{-l)\v 7iF^(-l)|r — A^D„iF^(-l)|r — 

K' " kv® Or " Sym2Cr " 

^ Or(-l) Or{-l) 

t t 



where the first two columns are the Euler relative exact sequences over F and 

P(AK). But V = D2 f^ G, so we have iVr,G(-l) = Nd.,,wA-^)\t, then 
Ny^g — Sym2{R^q*p*E{—T)\r) ® C^r(l)) which gives with the previous results: 

A^r,G — Sym2Q (8) or (3 - n) 

References 

[A-C-G-H] Arbarello, E & Cornalba, M & Griffiths , P.A & Harris , J: Geometry 
of Algebraic Curves: Springer Verlag, Grundlehren 267 (1985) 



47 



[A-S] Arrondo, E & Sols, I: on congruences of lines in projective space: SMF 
memoire 50,120 (1992) fascicule 3 

[Bal] Barth, W: Some properties of stable rank-2 vector bundles on P„ . 
Math.Ann 226,125-150 (1977) 

[Ba2] Barth, W: Irreductibility of the space of mathematical instanton bundles 
with Rank 2, C2 = 4. Math.Ann 258,81-106 (1981) 

[Ba3] Barth, W: Moduli of vector bundles on the projective plane. Inventiones 
math. 42, 63-91 (1977) 

[Ba-Hu] Barth, W & Hulek, K: Monads and moduli of vector bundles. 
Manuscr.math 25, 323-347 (1978) 

[B-H] J.Brun & A.Hirschowitz: Variete des droites sauteuses du fibre instanton 
general. Comp.Math 53, 325-336 (1984) 

[C] Chang, M.C: Stable rank 2 bundles on Pg with ci=0, C2=4, nd a^l. Math.Z. 
184, 407-415 (1983) 

[Co] Coanda, 1: On Barth's restriction theorem. J.Reine.Angew.Math. 428, 97- 
110 (1992) 

[E-S] Ellingsrud, G & Strommc, S.A: Stable rank-2 vector bundles on P3 with 
ci=0 and C2=3. Math. Ann 255, 123-135 (1981) 

[F] Fulton, W: Intersection theory. Ergebnisse der Mathematik; Springer- Verlag 
1984 

[G-H] Griffiths, P & Harris, J: Principles of algebraic geometry. Wiley & Sons 

[G] Grothendieck, A: Techniques de construction et theoremes d'existence en 
geometric algebrique IV: Les schemas de Hilbert. Seminaire Bourbaki 221 
(1961) 

[G-P] Gruson, L & Peskine, C: Courbes de I'espace projectif,varietes de secantes. 
Enumerative geometry and classical algebraic geometry. Nice (1981) Prog Math 
24 Birkhauser.Boston 1982 

[G-P2] Gruson, L & Peskine, C: Genre des courbes de I'espace projectif (II). Ann. 
scient. Ec. Norm. Sup 4^ serie, 24, 401-418 (1982) 

[H] Hartshorne, R: Stable vector bundles of rank 2 on P3; Math.Ann 238, 229- 
280 (1978) 



48 



[H-N] Hirschowitz, A & Narasimhan, M.S: Fibres de t'Hooft speciaux et appli- 
cations, in Enumerative geometry and classical algebraic geometry, Prog.Math 
24, 143-161 (1982) 

[H-H] Hartshorne, R & Hirschowitz, A: Smoothing algebraic space curves. Alge- 
braic Geometry Stiges. LNM 1124, 98-131 (1983) 

[K] Kleiman, S.L: The enumerative theory of singularities. Real and complex 
singularities, Oslo 1976, RHolm(ed.), Sijthoff and Noordhoff, 297-396 (1977) 

[LeBal] Le Barz, P: Formules pour les trisecantes des surfaces algebriques. 
Ens.Math 33, 1-66 (1987) 

[LeBa2] P.Le Barz: Formules multisecantes pour les courbes gauches quelcon- 
ques. Enumerative Geometry and Classical Algebraic Geometry, Prog.Math 
24, 165-197 (1982) 

[LeP] Le Potier, J: Sur I'espace des modules des fibres de Yang et Mills. Seminaire 
E.N.S (1980-1981) p.l, exp n''3, Prog.Math 37, 65-137 (1983).Birkhauser. 

[N-T] Nii/31er, T & Trautmann, G: Multiple Koszul structures on lines and in- 
stanton bundles. Inter. J.Math Vol 5.No 3, 373-388 (1994). 

[R] Ran, Z: Surfaces of order 1 in Grassmannians. J.Reine.Angew.Math. 368, 
119-126 (1986) 

[S] Skiti, M: Sur I'espace des modules des instantons mathematiques. 
C.R.Acad.Sci.Paris 320 serie I, 1221-1224 (1995) 

[So] Sorger, C: Thcta-caracteristiques des courbes tracees sur une surface lisse. 
J.reine angcw.Math. 435 ,83-118 (1993) 

[S-D] Swinncrton-Dycr, H.P.F: An enumeration of all varieties of degree 4. 
Amer.J.Math 95 ,403-418 (1973) 

[Tl] Tjurin, A.N: The geometry of singularities of a generic quadratic form. 
Math.USSR.Izvest. 17 No2, 413-422 (1981) 

[T2] Tjurin, A.N: On the superpositions of mathematical instantons. In Artin, 
Tate, J.(eds) Arithmetic and geometry Prog.Math 36, 433-450 (1983) . 
Birkhauser. 

[T3] Tjurin, A.N: On intersections of quadrics. Russ. Math. Surveys 30 6, 51-105 
(1975) 



F.Han: Universite Denis Diderot (Paris 7), Institut de Mathematiques de Jussieu, 2 
place Jussieu, 75251 Paris cedex 05, Prance, 
email: han@math.jussieu.fr 



49 



